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Abstract

We study the problem of recovering preferences from choices that are inconsistent with the

Generalized Axiom of Revealed Preferences (GARP). The underlying model is that the failure

of GARP arises because the agent imperfectly implements her preferences. Existing methods to

recover preferences rely on intuitive motivations but lack desirable statistical properties. Instead,

we propose the first statistically consistent estimator. The main assumption is that revealed

preferences, the classical tool used to analyze choices, are more likely to be correct than incorrect.

Therefore, they are a trustworthy source of information. The set of possible estimators for

finite data is characterized by the directly revealed preferences that are interpreted as incorrect.

Besides consistency, our estimator also satisfies partial efficiency, which is a standard requirement

in the literature. We apply our estimator to laboratory data and compare it with that derived

from the Varian index. Our estimator presents a stronger correlation between accuracy and its

measure of distance from GARP. It is also significantly faster and more feasible to implement

for subjects with many inconsistencies. Finally, we extend our method to a vast class of choice

problems, beyond the classical consumer setting.
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1 Introduction

The problem of recovering preferences from choices is one of the oldest problems in economics,

dating back to Antonelli (1886). The focus on finite data starts with Samuelson (1938) and reaches

its seminal result in Afriat’s (1967) theorem. Under minimal assumptions, Afriat shows that ob-

served choices can be interpreted as driven by a preference relation if, and only if, they satisfy the

Generalized Axiom of Revealed Preferences (GARP). Furthermore, Mas-Colell (1978) shows that if

choices satisfy GARP, then Afriat’s method not only recovers a preference relation but asymptoti-

cally identifies the underlying preference driving the choices. Taking a further step, Varian (1982)

develops methods to use choice data to characterize the set of preferences consistent with GARP

and uses it to bound indifference curves, demand functions, and welfare measures.

The main limitation of the results by Mas-Colell (1978) and Varian (1982) is that they are

only valid for data that satisfies GARP. If choices present inconsistencies (a common feature in the

real world), then no preference relation is consistent with them, and it is unclear how to proceed.

We address this limitation by proposing a method that recovers the agent’s underlying preferences

even when their choices fail GARP. Our approach assumes that choices fail GARP not because

preferences do not exist, but due to the imperfect implementations of preferences.1 We show

that if the agent’s behavior is not “too irregular” with respect to the underlying preferences, our

estimator is a suitable instrument to asymptotically pin down the agent’s underlying preference

relation. Specifically, we show that our estimator satisfies a weaker version of the classical statistical

consistency property, which is as good as the property itself for practical purposes. To the best of

our knowledge, this is the first consistent preference estimator in the classical consumer setting.

Our estimator is motivated to identify which of the directly revealed preferences must be inter-

preted as incorrect. Along the same line, and to develop an estimator that satisfies the classical

requirements in the revealed preference literature, we present a new relaxed version of Afriat’s

theorem. This version starts with a list of directly revealed preferences that an external observer

interprets as possibly being incorrect and analyzes the conditions over these lists to be able to un-

derstand the choices as being consistent with preference maximization (when the incorrect revealed

preferences are removed). Moreover, we require such preference relations to satisfy (as much as

possible) the classical rationalization requirement. Unsurprisingly, we find an equivalence between

the existence of a preference relation satisfying such choices and a relaxed version of GARP, which

uses only the correctly revealed preferences. Surprisingly, and contrary to previous results, even

with linear prices, it is not always possible to choose such preferences as being convex.

The focus of our method is in identifying the list of possibly incorrectly revealed preferences.

This approach differs from existing alternatives, which are based on (inevitably controversial) in-

tuitive explanations about the specific way in which the agent fails to implement her preferences.2

1The literature presents several motivations for the imperfect implementation of preferences. Examples are utility
shocks (McFadden, 1975) and bounded rationality (Simon, 1955).

2The focus of the existing methods has been mostly on measuring distance from GARP, which is often interpreted

2



Instead, we take an agnostic approach about the source of the inconsistencies and focus on identi-

fying the observer’s inferences (i.e., the revealed preferences) that must be interpreted as incorrect.

Adopting this perspective allows us to analyze the statistical properties of our estimator, which is

an exercise omitted from the previous methods. Although statistical properties are not often ex-

amined in the revealed preference literature (notable exceptions are Apesteguia & Ballester, 2015;

Chambers et al., 2021), it is a fundamental property in econometrics, to the extent that “an esti-

mator that is not even consistent is usually considered inadequate” (Newey & McFadden, 1994, p.

2114). In our setting, the lack of statistical consistency implies that we do not know the relation

between the estimated preference and the “real” underlying preference. Furthermore, without con-

sistency, any measure of distance from GARP measures how far the agent is from implementing

a preference relation, but we do not know whose preference relation is the one from which we are

measuring such distance.

The fundamental assumption that assures the consistency of our estimator is for the directly

revealed preferences more likely to be correct (this is, to agree with the agent’s underlying prefer-

ence) than incorrect. Moreover, this must also hold for subsets of the space of bundles. Intuitively

this assumption says that (on average) we can trust the revealed preferences we infer. This as-

sumption is inescapable for any tool that relies on revealed preferences and Afriat’s theorem as

its primary source of information. This is uncontroversial because every existing method used to

recover preferences from choices considers revealed preferences as trustworthy.

We implement our estimator in portfolio-choice data. Following the experimental design of Choi

et al. (2007), subjects make decisions on 50 randomly drawn linear budget sets, where 909 and 168

subjects face two- and three-dimensional choice problems, respectively. Each bundle, (x1, x2) for

the two-dimensional problems and (x1, x2, x3) for the three-dimensional, represents the monetary

payment in each of the equally likely states. We perform our analysis first including all preference

relations that satisfy monotonicity, and then restricting our attention to those that satisfy first-

order stochastic dominance (FOSD). We compare our estimator with that proposed by Varian

(1990) which, as discussed by Halevy et al. (2018), is the best alternative to recover preferences

among existing estimators. As a measure of distance from rationality, we find that both measures

are strongly correlated, and they rank subjects similarly, with roughly 94% subject pars ranked in

the same order by both measures of distance from GARP. However, our estimator is less sensitive

to extreme observations.

Our primary source of comparison between our estimator and the Varian index is out-of-sample

prediction. We compare both raw accuracy as well as completeness, a measure proposed by Fu-

denberg et al. (2021) that corrects the restrictiveness of the economic model. For accuracy and

completeness, the two estimators predict similarly under monotonicity (accuracy is 90% and com-

pleteness is 78%) but the Varian index performs better under FOSD (83% vs. 78% in accuracy,

as decision-making quality (Choi et al., 2014). Halevy et al. (2018) focus on how to estimate preferences using some
of these measures. For a discussion about the interpretation of such measures see Echenique (2021) and Polisson and
Quah (2021).
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and 63% vs. 57% in completeness). Notably, in all cases, we find that our estimator presents a sys-

tematically stronger correlation between its measure of distance from rationality and out-of-sample

prediction. This implies that prediction (accuracy and completeness) is better for subjects that

our estimator indicates are closer to rationality than those the Varian estimator classifies as being

more rational. This suggests that our estimator better measures how well an agent implements

their preferences.

We show that our estimator can be applied to a vast range of choice environments beyond

the classical consumer theory. The unifying requirement is for the agent to choose between bun-

dles of divisible goods, which are all desirable and consumed in nonnegative amounts, where the

consumption space must be the nonnegative orthant of some Euclidean space, and the consumer’s

preferences must be monotone . Our estimator can be applied to the general budget sets introduced

by Forges and Minelli (2009) and to more restrictive classes of preference relations (Nishimura et

al., 2017) (for example, the ones requiring for choices to respect first-order stochastic dominance

in choices under risk), and to combinations of both. The main modification required is for the

definition of revealed preferences to include the specific characteristics of the choice environment.

We show that all the relevant information to construct an estimator can be obtained by solving

a directed graph’s minimum feedback arc set (MFAS) problem. Solving this problem is an active

area of computer science research with a vast range of applications. Several efficient algorithms are

available for practical applications.

Related Literature

This paper contributes to the vast literature of revealed preferences. In particular, it addresses

two fundamental and related questions: how to recover an agent’s preference relation from their

observed choices and how to measure how “rational” they are, i.e., how far these choices are from

satisfying GARP.

The study of revealed preferences in finite data dates back to Samuelson (1938) and Houthakker

(1950), who propose the idea of revealed preferences to infer elements of a consumer’s preference

relation from her observed choices. Afriat’s theorem (Afriat, 1967; Diewert, 1973; Varian, 1982)

identifies GARP as necessary and sufficient for choices to be consistent with some preference re-

lation. Furthermore, it provides a method to construct one such preference that is monotone,

continuous, and convex. Afriat’s theorem has been expanded in several directions, most notably

by Forges and Minelli (2009) for nonlinear budget sets, Reny (2015) for infinite observed choices,

Cherchye et al. (2011) for collective consumption, and Nishimura et al. (2017) for general choice

spaces and preferences with more restrictive requirements. Chambers and Echenique (2016) provide

a thorough review of this literature.

Although GARP gives conditions for finding preferences consistent with the choices, it does

not say anything about the relationship between them and the underlying preferences driving
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the agent’s choices. This recoverability problem was first studied by Mas-Colell (1978). When

choices satisfy GARP, he shows that Afriat’s method asymptotically recovers the unique preference

relation driving the choices (under mild and non-testable conditions). This result is then extended

to general budget sets by Forges and Minelli (2009) (where the analysis becomes much simpler).

Under the assumption of bounded rationality, Apesteguia and Ballester (2015) study how to recover

preferences between a finite number of alternatives when there are no indifferences, and Chambers

et al. (2021) do it in a general setting when the agent chooses between pairs of alternatives. To the

best of our knowledge, this paper is the first effort to study this problem in the classical consumer

setting. Our work is closely related to both papers, but its formulation is closer to that in Chambers

et al. (2021).

Technically, our estimator relies upon several sources. Following Chambers et al. (2021) it

combines the classical large-sample theory of extremum-estimators (Amemiya, 1985; Newey & Mc-

Fadden, 1994; Jennrich, 1969) with the closed-convergence topology as a topology in the space of

preference relations (Kannai, 1970; Hildebrand, 1974; Grodal, 1974; Redekop, 1993). Given that

our experimental setting relies on comparing different observations to construct revealed prefer-

ences, our estimator is derived from a U -statistic (Hoeffding, 1948). Unlike M -statistics, where the

objective function is a sample average, the objective functions in U -statistics use combinations of

observations. Another difference with Chambers et al. (2021) is that we do not require the space of

preferences to be closed. This allows us to focus on general preference relations (without including

other binary relations), which has relevant implications for computational purposes. The main

drawback of relaxing the closedness assumption is that our consistency result is weaker. For com-

putational purposes, our estimator relies on the research on the MFAS problem, and we implement

the algorithm provided by Baharev et al. (2021).

The objective function of our estimator is a new measure of distance from GARP. The inter-

pretation of distance from GARP as decision-making quality dates back to Samuelson (1938) and

its measurement begins with Afriat (1973). Based on the idea of partial efficiency he proposes the

Critical Cost Efficiency Index (CCEI). Partial efficiency at level e (where 0 ≤ e ≤ 1) interprets a

bundle x as being preferred to a bundle y only if y’s cost when x is chosen is less than e times the

consumer’s income (instead of the total consumer’s income, as in classical revealed preferences).3

The CCEI is defined as 1 minus the highest level of e at which we can think of choices as coming

from a preference relation.4 Varian (1990) proposes a generalization in which different choices have

different levels of partial efficiency and proposes a measure that aggregates these levels into a sin-

gle statistic. Surprisingly, the existence of a preference relation when different observations have

different levels of partial efficiency was not shown until recently by Halevy et al. (2018). Other

measures of distance from rationality are Houtman and Maks (1985), Echenique et al. (2011), and

Dean and Martin (2016).5 Although these studies offer different interpretations, all the indices can

3Although its development seems to be independent, partial efficiency is closely related to Simon’s (1955) bounded
rationality because it imposes a procedural limitation that prevents the agent from choosing the optimal element.

4In a strict sense, the CCEI is 1 minus the supremum of such level e, as there is no maximum.
5Houtman and Maks (1985) focus on the least amount of choices that must be removed for the data to satisfy
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be thought of as different aggregations of the idea of partial efficiency. de Clippel and Rozen (2021)

and Echenique et al. (2021) take a different approach and look at the minimum discrepancy between

price rations and the marginal rate of substitution for the data to be consistent. In our view, the

main limitation of all these methods is that it is unclear how to develop statistical properties given

the structural assumptions they impose on the choice function.

This paper also contributes to the applications of consumer theory to out-of-sample prediction,

which was initially developed by Varian (1982). Starting from choices that satisfy GARP, he

is interested in characterizing the set of all preference relations consistent with the choices. He

studies this problem by bounding first the possible indifference curves for a given bundle and then

the demand function for a given price vector. Halevy et al. (2018) generalizes the first approach

to include partial efficiency. Using a novel experimental design, they test the restrictiveness of

parametric assumptions on utility functions. Here we extend Varian’s second approach. Then we

measure out-of-sample prediction by splitting our sample into two subsamples, the first to estimate

and the second to predict. Given that different methods yield “larger” or “smaller” sets, we follow

Fudenberg et al. (2021) and measure the completeness of both estimators.

Following the generalization of GARP by Nishimura et al. (2017) there has been increasing

interest in how to measure rationality not only from GARP but also from other decision models

that may apply to different environments. This has focused mostly on choices under risk, where

Polisson et al. (2020) develop methods to compute the CCEI and the Varian index for several

families of preference relations, including the ones satisfying FOSD or expected utility. Dembo

et al. (2021) apply these measures to test violations from different choice axioms. de Clippel and

Rozen (2021) and Echenique et al. (2021) also study choice under risk and more restrictive criteria.

We show how our estimator can be applied to different variations of classical consumer theory. For

this, we combine the results in Nishimura et al. (2017) with the general characterization of budget

sets in Forges and Minelli (2009).

The rest of this paper proceeds as follows. Section 2 introduces a first estimator of preferences,

demonstrates its consistency, and explains how it is computed. Section 3 presents our method,

which is a refined version of that developed in Section 2. Section 4 implements our estimator in

laboratory data and compares it with that proposed by Varian (1990). Section 5 shows how our

estimator can be extended to a vast class of choice environments. Finally, Section 6 concludes.

GARP; Echenique et al. (2011) measure distance from GARP aggregating the monetary losses that arise from cycles;
and Dean and Martin (2016) measure the income loss of removing revealed preferences until there are no violations
of GARP.
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2 The Model

2.1 The estimator

Our starting point is choice data comprised of N observations of a consumer choosing bundles

in RK+ ; this is bundles of K commodities, which are all consumed in non-negative amounts. To

simplify the exposition, and without losing any of the main insights, we focus on the classical

consumer problem: each observation is a price vector p ∈ RK++ and a choice x from the budget set

{x ∈ RK+ : p x ≤ 1} (the normalization of income equal to one is without loss of generality).6 A

more general approach is taken in Section 5. The choice data D is the collection of observations

D = (pi, xi)i∈[N ] ([N ] is the set of the first N natural numbers). For every i we refer to pi as an

observed price and to xi as a choice. As standard in the revealed preference literature, we assume

that every observation i ∈ [N ] satisfies pi xi = 1. Our goal is to use the agent’s choices to learn

about her preference relation.7 To do so, we start from the classical idea of revealed preferences.8

Definition 1. For any two choices xi, xj

- xi is directly revealed preferred to xj , denoted xi %D xj , if pi xj ≤ 1;

- xi is directly revealed strictly preferred to xj , denoted xi �D xj , if pi xj < 1;

- xi is revealed preferred to xj , denoted xi %R xj , if there exists a sequence of choices (xm`)`∈[L]

such that xi %D xm1 %D xm2 %D . . . %D xmL %D xj ; and

- xi is revealed strictly preferred to xj , denoted xi �R xj , if there are choices xm, xm
′

such that

xi %R xm �D xm
′
%R xj .

Intuitively, revealed preferences assume only that the agent prefers more to less and uses this

property to infer a preference order between the choices in the data. The directly revealed part

of the previous definition interprets a choice as (strictly) preferred to another if the former was

chosen when the latter was (strictly) cheaper. Finally, the previous definition assumes transitivity

and uses it to move from directly revealed preference to simply revealed preferences. Throughout

the paper, we assume we can infer at least one directly revealed strict preference from the data,

i.e., that �D 6= ∅.

Since Afriat (1967) we know that observed choices are consistent with a preference relation if

6Throughout the paper we write any K-dimension vector x as x = (x1, x2, . . . , xK). For any two vectors x, y ∈ RK
we write x ≥ y if xi ≥ yi for all i ∈ [K], x > y if x ≥ y and x 6= y, and x� y if xi > yi for all i ∈ [K].

7A preference relation is a binary relation on RK+ that is complete and transitive. A binary relation % on a set X
is a subset of X×X; as usual, x % y denotes (x, y) ∈%, and x 6% y denotes (x, y) /∈%. A binary relation % is complete
if for every x, y ∈ X we have x % y or y % x and transitive if x % y and y % z imply x % z. If x % y we say that x is
(weakly) preferred to y. Associated with any relation are its strict preference relation � (the asymmetric component
of %) defined by x � y if and only if x % y and y 6% x, and its indifference relation ∼ (the symmetric component of
%) defined as x ∼ y if and only if x % y and y % x. If x � y we say that x is strictly preferred to y, and if x ∼ y we
say that x is indifferent to y.

8Although traditionally directly revealed preferences are defined between a choice and every other bundle in the
budget set (and indirectly revealed preferences accordingly), we define them only between choices. This definition
only simplifies the notation (as we work mainly with relations between observed bundles) and has no consequences
for our results.
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and only if they satisfy the Generalized Axiom of Revealed Preferences (GARP). GARP states that

for any two i, j ∈ [N ], if xi %R xj then xj �D xi has to be false. Furthermore, if GARP holds,

we can always choose the preference relation to be continuous, monotone, and convex.9 Mas-Colell

(1978) shows that if choices satisfy GARP, then, under non-testable regularity conditions, rich

enough choice data allows us to identify the agent’s underlying preferences.10 Our focus here is to

extend Mas-Colell’s (1978) analysis to the case when the agent’s choices do not necessarily satisfy

GARP.

We interpret failures of GARP as an indication of imperfect implementation of the agent’s

preferences, but we do not specify the source of such limitation. Instead of dropping the assumption

that the agent has a preference relation, we assume that such preference exists, but the agent does

not choose perfectly according to it. In our view, this is the natural interpretation: to interpret a

failure of GARP as a sign that the agent has no unique preference relation leaves us with no path

to meaningfully analyze any finite number of observations without adopting ad-hoc models. See

Bernheim and Rangel (2009) for a further discussion on this problem.

We propose the following distance measure between the data D and a preference relation %.

d(D,%) =
| �D \ � |
| �D |

.

The function d(D,%) takes the set of directly revealed strict preferences �D and measures the share

of its elements that are inconsistent with the preference relation %. This function is motivated in

a similar one proposed by Chambers et al. (2021); as discussed by them, the numerator can be

thought of as a version of the Kemeny distance (Kemeny, 1959). However, our measure of distance

presents two important differences with the one in Chambers et al. (2021). The first one is that we

work with strict instead of weak preferences, as our setting allows us to infer strict preferences. The

second one is that while the experimental setting of Chambers et al. (2021) allows them to infer

one revealed preference per observation and construct an M-statistic, we infer revealed preferences

by comparing different observations and need to rely on U-statistics (Hoeffding, 1948). Specifically,

our measure of distance is a modified version of traditional U-statistics. To see this more clearly

note that

d(D,%) =

∑
i 6=j

1
{
pi · xj < 1

}−1∑
i 6=j

1
{
pixj < 1

}
1
{
xi � xj

}
where 1 {·} is the indicator function and

∑
i 6=j is short notation for

∑
i∈[N ]

∑
j∈[N ]\{i}. While

traditional U-statistics divide by the number of possible combinations (in our case N(N − 1)) our

9A preference relation is continuous if the sets {y : x % y} and {y : y % x} are closed; it is monotone if x ≥ y
implies x % y and x > y implies x � y; and it is convex if for any x, y such that x % y and α ∈ (0, 1) we have
αx+ (1− α)y % y.

10Specifically, Mas-Colell (1978) asks for the preference relation to be Lipschitzian and the set of observed prices to
be (in the limit) a dense subset of RK++. That being Lipschitzian is not testable can be seen by the fact that for finite
data, the utility function constructed in the proof of Afriat’s theorem is piecewise linear, so the characterization in
Theorem 1 of Mas-Colell (1977) applies.
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distance measure normalizes by the number of revealed preferences | �D |. Appendix A.1 presents

examples of choice data with the same number of observations but different numbers of revealed

preferences.

We denote the (imperfectly implemented) agent’s underlying preference by %? and impose the

following basic structure on it.

Assumption 1. The agent’s underlying preference relation %? is continuous and monotone.

Assumption 1 is standard and crucial to study preferences. Monotonicity relies on the idea that

the agent prefers to consume more of all goods and is the main motivation for the definition of

directly revealed strict preferences. Continuity is interpreted as preferences not changing abruptly

and is necessary to extrapolate preferences from finite data. The next section (2.3) presents a more

detailed discussion of the relevance of these assumptions.

We denote by P the set of all continuous and monotone preferences and its closure by P. Our

estimator is any preference in P that minimizes its distance with the choice data. We name this

distance the Minimum Mistakes Index.

Definition 2. Let P be the set of continuous and monotone preference relations on RK+ . The

Minimum Mistakes (MM) Index, M(D) is

M(D) = min
%∈P

d(D,%) . (1)

The word mistakes in the index refers to the observer who infers the revealed preferences.

Specifically, with the word mistakes, we refer to the elements that have to be removed from the

inferred relations �D, which are different from the choices themselves. Now we study the properties

of the estimator coming from (1); this is, of any minimizer of the function d.11

2.2 Consistency

Consistency is a fundamental property in statistics. In simple terms, it tells us that our estimator

is likely to be close to the true preference as the sample size grows. In standard econometric

problems, the objective is to estimate a parameter that is usually a number or vector from data

in which each observation provides information by itself. Our setting is different in two aspects.

First, information is obtained not from each observation but from relations between observations

(through revealed preferences). Second, the parameter we want to estimate is a preference relation.

In order to learn about the agent’s underlying preference %?, we need to impose some regularity

between such preferences and the data; this is, we need to specify a data generating process. First,

we assume independence between observations. As mentioned before, we also assume that the

agent uses all her income in each choice, i.e., that pi xi = 1. We denote by O the space of possible

11As �D has finitely many elements, the range of our objective function d is finite, so the minimizer always exists.
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observations, i.e., O = {(p, x) ∈ RK++ × RK+ : p · x = 1}, and by µ the probability measure that

generates observations.

Revealed preferences, and specifically directly revealed preferences, are our primary sources of

information. As directly revealed preferences are constructed by comparing pairs of observations, we

must focus on how pairs of observations are constructed. For this, we denote by µ2 the probability

measure induced by µ in O ×O. Our main behavioral assumption is the following.

Assumption 2. If A,B ⊂ RK+ are nonempty and open such that A �? B (this is, x �? y for all

x ∈ A and y ∈ B) then

µ2
({

((p, x), (q, y)) ∈ O ×O : x ∈ A, y ∈ B, and x �D y
})

>

µ2
({

((p, x), (q, y)) ∈ O ×O : x ∈ A, y ∈ B, and y %D x
})

(2)

For expositional purposes, in the rest of the paper we will simplify the notation to write the value

µ2 of a set of pairs of observations. For example, instead of µ2
({

((p, x), (q, y)) ∈ O ×O : x �D y
})

we write µ2(x �D y). Given Definition 1 of revealed preferences, Assumption 2 is equivalent to

requiring that for any nonempty open sets A,B ⊂ RK+ such that A �? B,

µ2 (x ∈ A, y ∈ B, and p · y < 1) > µ2 (x ∈ A, y ∈ B, and q · x ≤ 1) .

Assumption 2 is a joint restriction on the distribution of prices, the agent’s choice rule, and

her underlying preference relation. It implies that it is more likely to observe correct revealed

preferences than incorrect ones. Moreover, that has to be true even when we focus only on subsets

of bundles; if not, then we would not be able to use revealed preferences to differentiate between

%? and other preferences that disagree only on how to compare these subsets of bundles. A more

detailed discussion of this condition and its implications is presented in Section 2.3.

In order to assess the estimator’s properties, we need a measure of distance between preferences.

For this, we endow the space of continuous binary relations with the closed convergence topology.

Intuitively, this topology tells us that if two preferences are closed to each other, then comparisons

of bundles do not change abruptly between the two. Specifically, if we have bundles x and y and

a preference relation � such that x � y, then for any sequences of bundles xn → x and yn → y

and sequence of preferences %n→% (in the topology of the space of preferences) for n large enough

we have xn �n yn.12 The closed convergence topology is the standard choice to study preferences

(see Chambers et al., 2021, for a review of the literature). Under this topology, the closure of P is

12A full characterization also requires that if x % y and %n→% then there has to be sequences xn → x and yn → y
such that for n large enough xn %n yn. In terms of open sets, the closed convergence topology is the smallest topology
for which sets of the form {x, y,%: x � y} are open in the induced product topology. This characterization is due
to Kannai (1970), and Redekop (1993) shows that in most economic environments, and specifically in ours, it is
equivalent to the classical characterization of the topology of closed convergence. He also proposes a third equivalent
topology named the questionnaire topology. A detailed description can be found in Section 2 of Hildenbrand (1970)
and Section B.II of Hildebrand (1974).
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metrizable, and we denote a consistent metric by ρ(·, ·).

We also assume that observing choices that are indifferent to each other is unlikely. This

assumption ensures that our estimator maintains its strict revealed preferences in the limit (almost

surely); if not, two relations may be close and yet yield different values of our objective function.

Assumption 3. For any %∈ P, observing two different choices that are indifferent is a zero

probability event, i.e., µ2 (x 6= y, x ∼ y) = 0

In order to present our main result, we need to define the following criterion to compare binary

relations.

Definition 3. Two binary relations %, %′∈ P agree on the interior, denoted %'%′, if whenever

x� 0 and y � 0 we have x % y ⇐⇒ x %′ y.

Two binary relations agree on the interior if they agree on ranking any pair of bundles that

have strictly positive amounts of every commodity. Appendix A.2 shows an example of two binary

relations that agree on the interior. As ' is an equivalence relation, each binary relation %∈ P
has an equivalence class under ', which we denote by 〈%〉. We denote the distance between a

preference relation and the equivalence class of another one by ∆; this is

∆(%,%′) = inf
{%′′∈〈%′〉}

ρ(%,%′′) .

Ideally, we would like a consistent estimator; however, this result is too strong for our setting.

Instead, we show that our estimator identifies how the underlying preference %? compares bundles

positive amounts of all the commodities, i.e., bundles on the interior.

Theorem 1. Denote by %̂N a solution to (1) when the data N observations. For any η > 0,

lim
N→∞

Pr
(

∆
(
%̂N ,%

?
)
< η

)
= 1 .

The proof in Theorem 1 is presented in Appendix B.1. Given the similarity between the classical

consistency property and Theorem 1, we refer to this property as consistency up to '.

Theorem 1 tells us that as the sample size increases our estimator gets closer to 〈%?〉, but it

does not assure that it gets close to %?. A natural question is about how informative is the set

〈%?〉 about the underlying preference. First, Theorem 1 tells us that our estimator identifies how

%? compares bundles in the interior of RK+ . Furthermore, the following result is informative about

how can we learn from the underlying preference starting from its equivalence class.

Proposition 1. For any binary relation %∈ P the set 〈%〉 has at most one preference relation.

The proof of Proposition 1 is in Appendix B.2. The main consequence of this result is that ' is

thin enough such that if we know how %? compares bundles in the interior. And from Proposition

11



1 we know that by knowing how %? compares bundles in the interior we can recover the complete

preference.13 We can do so because, as %? is not only continuous but also transitive, there is a

unique continuous extension from the comparison of bundles in the interior to the comparison of

any pair of bundles.

2.3 Discussion of the consistency result

Here we discuss in more detail the implications of the assumptions and the proofs of the previous

section. Assumption 1 states that the agent’s underlying preferences are monotone and continuous;

both properties are critical. Continuity allows us to extrapolate an inferred preference between

two bundles to other bundles close to them; without it, it would be impossible to meaningfully

learn about the consumer’s preferences from any finite amount of data.14 Monotonicity is not only

intuitively compelling (more is better) but also fundamental to construct revealed strict preferences,

as it imposes an objective order between some bundles. Without this order it the data would also

be consistent with the preference relation that is indifferent between all bundles.

The choice of the closed convergence topology as the topology for the space of preferences is

standard in the literature (Hildenbrand, 1970; Kannai, 1970; Hildebrand, 1974; Redekop, 1993;

Chambers et al., 2021). Its main property is that under this topology, the set of binary relations on

RK+ , which is a superset of P, is compact and metrizable (Kannai (1970) explicitly shows a metric

that induces this topology in a setting similar to ours). Furthermore, our objective function d is

motivated by the characterization of this topology developed by Redekop (1993), which he calls

the questionnaire topology. Revealed preferences construct a questionnaire of comparisons between

choices. Then we use this questionnaire (specifically �D) to recover the agent’s preference relation.

Although independently, the same idea is used both by Forges and Minelli (2009) and by Chambers

et al. (2021) to recover preferences. While the experimental settings in Chambers et al. (2021) and

Forges and Minelli (2009) allow them to automatically construct a questionnaire (they get one

question per observation), we have to construct it from comparing different observations.

The central behavioral assumption of our paper is Assumption 2. To achieve a more transpar-

ent discussion, we denote by µX the marginal probability measure on choices,15 and characterize

Assumption 2 using the following conditions.

13To do so suppose we know how %? compares bundles in the interior, i.e., we know the restriction of %? to RK++.
Denote this restriction by %◦; this is, x %◦ y ⇐⇒ (x %? y, x� 0, andy � 0). As %? is continuous for every x ∈ RK+
the sets {y ∈ RK+ : x �◦ y} and {y ∈ RK+ : y �◦ x} are open. It follows from Theorem 3.1 in Peleg (1970) that there
is a continuous function u : RK+ → R that represents %◦. As u is continuous in RK+ it represents a preference relation
that agrees with %◦ on RK++. From Proposition 1 we know that such preference is %?.

14To intuitively get this idea think of the problem of inferring a function f : [0, 1] → R. Suppose we have infinite
data an observe f(x) = 0 for every rational number. If we know f is continuous then we can infer that f(x) = 0 for
every number in [0, 1]. However, if f is not continuous it is impossible to infer anything about the value of f(x) when
x is not rational.

15This is, for any x ∈ RK+
µX(x) =

∫
RK
++

µ((p, x))dp .
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Lemma 1. Assumption 2 holds if, and only if

1. for each nonempty open set A ⊂ RK+ , µX(A) > 0; and

2. for nonempty open sets A,B ⊂ RK+ such that A �? B

µ2
(
x �D y

∣∣x ∈ A, y ∈ B
)
> µ2

(
y %D x

∣∣x ∈ A, y ∈ B
)
.

The first part of Lemma 1 tells us that as the number of choices increases, these choices become

dense in the space of bundles. This requirements is standard to recover preferences, from example

in Mas-Colell (1978), Forges and Minelli (2009), Apesteguia and Ballester (2015), and Chambers

et al. (2021). Its main motivation is that without observing choices in some space of bundles,

it would be impossible to infer preferences in that space. As many preferences agree on how to

compare everywhere except in a subset of bundles, it would be impossible to differentiate between

such preferences and hence impossible to identify the underlying preference uniquely.

The second part of Lemma 1 tells us that whenever we observe directly revealed preferences,

they are more likely to be correct than not; this is, that revealed preferences are trustworthy. This

assumption is unavoidable if we want to use revealed preferences as our source of information. To

see this, suppose condition 2. in Lemma 1 fails. Then some revealed preferences give (in expected

value) incorrect information. Then unless we have an a prori idea of how to differentiate between

revealed preferences being likely correct and the ones being likely incorrect (which is not clear how to

obtain), revealed preferences are not an adequate tool to infer preferences. If this assumption fails,

our estimator is not a good tool to recover preferences, but neither is any other one that analyzes

data using revealed preferences (including all existing measures of distance from rationality).

As mentioned before, Assumption 2 involves not only the agent’s choice rule and underlying

preference but also the distribution of the different prices the agent faces. The reason for this is

that each price can only give partial information about what is dispreferred to the chosen bundle,

so we need variation in prices in order to learn about the comparison between every choice and a

rich set of other bundles. This requirement is similar to the one in Mas-Colell (1978): in order to

recover preferences in a non-random setting, he requires for prices to be dense in RK++. To illustrate

this idea, Figure 1 shows a simple example in which it is impossible to infer preferences due to a

lack in price variation correctly.

Roughly speaking, necessary conditions for an estimator to be consistent are for the objective

function d to converge (uniformly) to a smooth function maximized by the “true” value %?. The

population analog of our objective function d(D,%) is one minus the probability of inferring a strict

preference between two choices that agrees with %, conditional on observing a revealed preference

between them. Continuity of this function implies that the value of the objective function will be

close if preferences are close (in the limit). Hence, with a high number of observations, our objective

function will be close to the population analog, and therefore a minimizer will correctly infer how

%? compares bundles in the interior. Continuity is achieved if observing choices that are indifferent

to each other is unlikely.
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p

q

x

y

Figure 1: If the only prices in the data are p and q then it is impossible to infer x �? y as from
revealed preferences we can only have y �D x.

The main limitation of our estimator is that we cannot assure that %? is the unique minimizer

of the population analog of our objective function. Although %? is the minimizer among preference

relations, some binary relations can be reached as limits of preferences and reach the same value.

This problem arises because the limits of preference relations are not necessarily transitive (Grodal,

1974),16 and therefore P (the closure of P) has non-transitive elements. However, our estimator is

a suitable tool for learning how %? compares bundles in the interior of RK+ , and as discussed in the

previous section starting from the interior there is a unique continuous and transitive extension to

the boundary.

The proof of Theorem 1 relies on Hoeffding’s (1961) Strong Law of Large Numbers for U-

statistics, in proof of Theorem 2 in Chambers et al. (2021), and in Theorem 2.1 in Newey and

McFadden (1994). Although several steps are similar to Chambers et al. (2021), it has some

important differences, which arise because the space over which the objective function is maximized

is different. While Chambers et al. (2021) require their maximization to be over closed sets of

preferences, we focus on the whole space of continuous and monotone preference relations P, which

we think is a natural set to look at. The reason for this is that we have no a priori reasons to exclude

any (continuous and monotone) preference or to include anything that is not a preference. We can

focus on an open set because our bundle space uses monotonicity as an objective criterion to guide

it, which automatically rules out indifference between all the bundles. Focusing only on preference

relations has relevant consequences for empirical applications, as it allows us to characterize the

set of estimators with the solution to a vastly-studied problem. This is described in section 2.4.

Finally, one unusual property of the MM Index is that the recovered preferences are not neces-

sarily convex.17 However, it is not clear under which conditions can a non-convex preference satisfy

16Specifically, limits of transitive binary relations are Grodal-transitive. A preference is Grodal-transitive if for any
bundles x, y, w, z such that x % y � w % z we have x % z.

17A preference relation % is convex whenever x % y for all α ∈ (0, 1) we have αx + (1 − α)y % y. Convexity
is likely the most surprising result in Afriat’s Theorem: when choices satisfy GARP we can always choose the
preference relation driving the choices to be convex (see Polisson & Renou, 2016, for a further discussion of this
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Assumption 2. The reason for this is that if preferences are non-convex, then, at least if they are

perfectly implemented, there are subsets of the space of bundles where the agent never chooses,

violating Assumption 2. Appendix A.3 shows an example of finite data for which all the estimators

are non-convex.

2.4 Computation

Our estimator results from a minimization of the objective function over all continuous and mono-

tone preference relations. The fact that we do not exclude any of such relations beforehand is

crucial, as the space of candidates includes all the binary relations that are transitive and excludes

all the ones that are not. Hence the strict component � of any estimator will be monotone and

acyclic. This is, for any sequence {xm`}L`=1 such that xm1 � xm2 � . . . � xmL we have xmL 6� xm1 .18

Acyclicality allows us to reduce the computation of the MM Index to a vastly studied problem in

computer science: the minimum feedback arc set (MFAS) problem.

We start by reducing our data to a directed graph, or digraph. A digraph G = (V,E) is

composed of a set of vertices V and a set of edges E ⊂ V × V , where if x, y ∈ V are two vertices

and (x, y) ∈ E is an edge. A cycle is a sequence of vertices x1, x2, . . . , xM such that (xm, xm+1) ∈ E
for all m ∈ [M − 1], and (xM , x1) ∈ E. A digraph is acyclic if it has no cycles. After associating

a positive cost to each edge, the MFAS problem is to find the minimum cost of removing edges to

make the resulting digraph acyclic.

Definition 4. Take a digraph G = (V,E) and a set of weights Ω = (ωe)e∈E , where ωe > 0 for all

e ∈ E. The minimum feedback arc set (MFAS) problem of [G,Ω] is

min
E′⊂E

∑
e∈E′

ωe (3)

s.t. (V,E \ E′) is acyclic.

We denote a solution to the MFAS problem by E?. To reduce the computation of the MM

Index to an MFAS problem, we combine monotonicity and acyclicality of strict preferences with

the rationalizability characterization in Nishimura et al. (2017). We start by reducing the choice

data to a digraph in which the chosen bundles are the vertices, and the directly revealed strict

preferences are the edges. An example of this process is shown in panels (a) and (b) of Figure 2.

Although the solution E? of any MFAS problem will induce an acyclic digraph (V,E \ E?), it

is not clear that the ordering induced by such digraph will obey monotonicity. Specifically, it is

issue). Furthermore, this result is preserved under a partial efficiency approach (Afriat, 1973; Varian, 1990; Halevy
et al., 2018).

18To see that � is acyclic suppose there is a cycle xm1 � xm2 � . . . � xmL � xm1 . As % is transitive and � is its
strict component, it is transitive as well, which implies xm1 � xm1 , which is impossible as it requires xm1 % xm1 and
xm1 6% xm1 .
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possible to get two elements xi, xj ∈ x such that xi > xj and a sequence (xm`)`∈[L] such that

xj
(
�D \E?

)
xm1

(
�D \E?

)
xm2

(
�D \E?

)
. . .
(
�D \E?

)
xmL

(
�D \E?

)
xi ,

In order to avoid such inconsistencies, we first note that whenever xi > xj , we have xi �D xj .

We assure that these revealed preferences are not removed when solving the MFAS problem by

assigning it a high enough weight. Sufficiently high weight is achieved by setting it to N2 for

revealed preferences that agree with monotonicity and 1 for those that do not (note that if xj > xi

then xi 6�D xj , so no revealed preference contradicts monotonicity). In the example of Figure 2 we

can see than x3 � x1, so the assigned weight in panel (c) is ω(3,1) = 32 = 9. The following result

tells us that using these weights the computation of the MM Index can be reduced to solving an

MFAS problem.

Proposition 2. Take the graph G = (x,�D) and the weights Ω = (ωv)v∈�D defined by

ω(x,y) =

N2 if x > y

1 otherwise.

A preference relation %∈ P solves (1) if and only if �D \ � solves the MFAS problem of [G,Ω].

The proof of Proposition 2 is presented in Appendix B.5. Sufficiency is proven using the ratio-

nalizability conditions in Nishimura et al. (2017). Their proof (and hence ours) is nonconstructive;

this is, it does not specify a specific preference relation in P that solves neither the MM Index

(1) nor the MFAS problem specified in Proposition 2. However, by solving the MFAS problem,

we can identify a set of strict preferences (the ones not removed from the graph) such that any

preference relation agreeing with them will be an estimator solving the MM index.19 Figure 2

shows an example of how to recover that set of strict preferences.

Proposition 2 allows us to characterize the set of all preference relations that solve the MM

Index. In particular, by solving this MFAS problem, we identify the set E of removed edges. Since

% solves the MM Index if and only if �D \ �= E?, � has to agree with �D in every relation

that is not in E. Therefore any preference whose strict component extends �D \E is an estimator.

From this characterization, it is clear that there is always a continuum set of preferences that solve

the MM Index for finite data.

Although we do not provide a method to construct a specific estimator, we can use the informa-

tion in the solution (specifically the set �D \E?) to bound the set of estimators. This information

can be used, for example, to assess whether a new choice is consistent with some preference solving

the MM Index. We extend this idea in Sections 4 and 5.5.

The following section uses standard properties required in the revealed preference literature to

19This same information can be used to test if there is a convex preference that solves the MM index by using the
procedure developed by Richter and Wong (2004).
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x1

x2

x3

(a) Original Data

x1

x2 x3

(b) Induced digraph

x1

x2 x3

ω
=

1

ω
=

1

ω = 1

ω = 1

ω
=

9

(c) Digraph with weights

x1

x2 x3

(d) Solution to MFAS problem

Figure 2: Example of how to compute the MMI by solving the MFAS problem. Panel (a) shows
original data; (b) shows digraph induced by data; (c) add weights to the digraph, where the edge

(x3, x1) has weight N2 = 9 as x3 > x1; finally (d) shows solution to MFAS problem. From
Proposition 2 we know that any preference relation % satisfyin x3 � x2 � x1 solves the MM

Index. Value of MM Index is 2/5.

refine our estimator. Specifically, we develop an estimator that not only solves the MM Index but

also satisfies partial efficiency, a concept developed Afriat (1973) and Varian (1990).

3 A refinement: the Minimum Mistakes Estimator

3.1 MM Index and Rationalizability

The estimator proposed in the previous section uses only the information derived from comparing

choices, i.e., comparing bundles that were chosen in an observation. Furthermore, the estimator uses

only information on strict preferences. However, it is also possible to obtain information from both

revealed preferences that are not strict and from comparisons between choices and bundles that,

although never chosen, were available in some budget set. Figure 3 shows an example of how, by

not including this information, we can obtain estimators with undesirable properties. Specifically,

it shows choice data that satisfies GARP and a consistent estimator according to which no choice

is optimal. As the data satisfies GARP, it seems unnatural to think as choices being suboptimal.
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We solve this limitation by refining the estimator proposed in the previous section. Specifically, we

propose estimators that solve the MM Index and are also coherent with the notion of preference

maximization.

x1

x2

Figure 3: A limitation of our estimator. The data satisfies GARP and the preference relation
shown in the picture solves the MM Index. However choices are not optimal according to the

preference relation.

In order to solve the problem in Figure 3, we require our estimator to rationalize the data

“as much as possible”. The idea of rationalization relies on the fact that preference maximization

implies that a choice is preferred to every other bundle in the budget set from where it was chosen.

Hence the choice should be compared to every bundle in its budget set, not only to the choices

in other observations. As the data may present violations of GARP, we are not always able to

interpret every choice as optimal, so we use the notion of partial efficiency introduced by Afriat

(1973).

The classical definition says that choice data is rationalizable if there is a preference relation %

such that xi % x whenever pi x ≤ 1, and from Afriat’s theorem, we know that being rationalizable

is equivalent to GARP. To rationalize data that fails GARP Afriat (1973) introduces the idea of

partial efficiency at level e (where 0 ≤ e ≤ 1), which interprets a bundle x as being preferred to

a bundle y only if y’s cost at the prices at which x is chosen is less than e times the consumer’s

income. The data satisfy partial efficiency at level e if there is a preference relation satisfying

this new comparison of bundles, and Afriat proposes to take the supremum of e such that the

data satisfies this property. Varian (1990) expands this idea by using different levels of partial

efficiency in different observations, specifically to reduce the income in each observation i by a

factor vi ∈ [0, 1]. Then choice xi is interpreted as preferred to bundles whose cost at prices pi is

less than vi (instead of one). This relaxed requirement is known as v-rationalization.

Definition 5. Given v ∈ [0, 1]N the data is v-rationalizable if there is a preference relation % such

that xi % x whenever pix ≤ vi. We say that such preference relation v-rationalizes the data.

v-rationalizability is a standard requirement for inconsistent choices. Varian proposes to find

the vector v whose components are closest to one (according to some measure) such that choices
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can be v-rationalized. A detailed discussion of how different measures of rationality choose this

vector v can be found in Halevy et al. (2018).

In order to include the idea of v-rationalization in our estimator, we develop a new (relaxed)

version of Afriat’s Theorem. This version, as the estimator in the previous section, starts from the

idea that some revealed preferences should be interpreted as incorrect, i.e., that they are mistakes.

3.2 GARP with mistakes

The starting point for our modification of Afriat’s theorem is that some directly revealed preferences

are interpreted as incorrect. This idea is related to the objective function d od the MM Index, in

which the set �D \ � lists the disagreements between the directly revealed strict preferences �D

and the preference relation %. If % is the underlying preference, then the revealed preferences

in �D \ � must be incorrect. For lack of a better word, we refer to these discarded revealed

preferences as mistakes.

Mistakes are revealed preferences in both %D or �D with which a preference relation might

disagree. The following definition specifies the requirements for these mistakes.

Definition 6. A tuple of mistakes M is a pair (Mw,Ms), where Mw ⊂%D and Ms ⊂�D,

satisfying the following characteristics

1. xi ≥ xj implies (xi, xj) /∈Mw and xi > xj implies (xi, xj) /∈Ms; and

2. whenever xi �D xj and (xi, xj) ∈Mw, then (xi, xj) ∈Ms.

The tuple of mistakes is formed of a collection of mistakesMw taken from %D, and another one,

Ms, taken from �D. The first requirement rules out the possibility of interpreting the relations

derived directly from monotonicity as mistakes: if x ≥ [>]y, we know that preference relation will

satisfy x % [�]y. The second requirement states that if we interpret a x %D y as a mistake, then

by definition of strict preferences, we should also interpret x �D y as a mistake as we cannot have

x � y and x 6% y. In other words, if we interpret x �D y as correct, then it follows that x %D y

has to be correct as well.

Starting from the directly revealed preferences, we want to recover a preference relation that

agrees with everything that is not a mistake. Formally, this requirement is to find a preference %

that extends (%D \Mw,�D \Ms). We refer to this property as preference “discarding only” M.

Definition 7. Given choice data D and a tuple of mistakes M, the preference relation % discards

only M if x % y for all (x, y) ∈ (%D \Mw), and x � y for all (x, y) ∈ (�D \Ms).

Our definition of only discardingM requires that the preference relation agrees with the revealed

preferences not interpreted as mistakes, but it does not require disagreement with every mistake.

In this sense, the set M does not give us observations that we are sure are mistakes, but only

observations may be. For example, suppose we have two choices such that x1 �D x2 and x2 �D x1,

19



and no good reason to interpret one as correct and the other as a mistake. Instead, we can add

them both to the set of mistakes and not require any specific order between the two. Even in this

case, the revealed preferences between x1 and x2 will be informative, as they will determine the

highest vector v for which the data can be v-rationalized.

A tuple of mistakes naturally modifies the idea of revealed preferences.

Definition 8. Take a tuple of mistakes M and two choices xi, xj

- xi is M-directly revealed preferred to xj , denoted xi %DM xj , if (xi, xj) ∈ (%D \Mw);

- xi is M-directly revealed strictly preferred to xj , denoted xi �DM xj , if (xi, xj) ∈ (�D \Ms);

- xi is M-revealed preferred to xj , denoted xi %RM xj , if there is a sequence of choices (xm`)L`=1

such that xi %DM xm1 %DM xm2 %DM . . . %DM xmL %DM xj ; and

- xi is M-revealed strictly preferred to xj , denoted xi �RM xj , if there are choices xm, xm
′

such

that xi %RM xm �DM xm
′
%RM xj .

The previous definition takes out the mistakes from the classical definition of revealed prefer-

ences; this is, it discards the revealed preference relations in M.

Our definition of M-revealed preferences allows us to present a modified definition of GARP,

which considers the presence of such mistakes.

Definition 9. Given a tuple of mistakes M, we say that choices satisfy the Generalized Axiom of

Revealed Preferences with Mistakes M (GARPM) if and only if for any i, j ∈ [N ] we have

xi %RM xj =⇒ xj 6�DM xi .

The definitions of M-revealed preferences and GARPM are the natural extensions to generate

a (relaxed) test of consistency starting from the idea of mistakes. It is clear that the more elements

we add to the tuple of mistakes, the less restrictive the test becomes.20

One of the motivations for our refinement is the possibility to v-rationalize the data for some

vector v ∈ [0, 1]N . Intuitively we would like this vector v to be “as big as possible” (if v =

(0, 0, . . . , 0) then any preference relation v-rationalizes the data, which conveys no information).

We propose the following family of vectors.

Definition 10. Take choice data D and a tuple of mistakesM. AnM-vector vM is any vector in

[0, 1]N satisfying the following properties

vMi < pixj for all (xi, xj) ∈Mw, and (4)

vMi ≤ pixj for all (xi, xj) ∈Ms. (5)

20This is, starting from two tuple of mistakes M = (Mw,Ms) and M0 = (Mw
0 ,Ms

0) such that Mw ⊃ Mw
0 and

Ms ⊃Ms
0, if the data satisfies GARPM0 then it satisfies GARPM.
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The idea of the M-vector is to be “as big as possible” without contradicting the mistakes.

Condition (4) is motivated by the fact that if xi being preferred to xj is seen as a mistake, then

from the vector v we should not infer that xi is preferred to xj ; therefore we require pi xj > vi.

Similarly for (5) if xi being strictly preferred to xj is a mistake we should not infer this relation

from v-rationalization, hence pixj ≥ vi.

The following result shows that GARPM is a necessary and sufficient test to find a preference

relation that discards only M and vM-rationalizes the data.

Theorem 2 (Afriat’s Theorem with Mistakes). Take a tuple of mistakes M and any M-vector

vM. There exists a continuous and monotone preference relation that discards only M and vM

rationalizes the data if, and only if, the data satisfies GARPM.

The proof of Theorem 2 (in Appendix B.6) is based in Nishimura et al. (2017). As with

Proposition 2 this proof is nonconstructive; this is, it does not specify a specific preference relation

that satisfies the conditions. In particular, we cannot follow the traditional proofs of Afriat’s

Theorem (Afriat, 1967; Varian, 1982; Fostel et al., 2004; Halevy et al., 2018), as there are cases

where there is no convex preference relation that only discards M (see the example in Appendix

A.3). Although we do not provide a method to directly construct a preference relation, in Sections

4 and 5 we show how to, starting from a tuple of mistakes M, bound the set of inverse demand

functions arising from preference relations that vM-rationalize the data discard only M.

3.3 The Minimum Mistakes Estimator

In this section, we apply the idea of GARP with mistakes to develop a refinement of our preference

estimator. This is, we show how to recover a tuple of mistakes that is minimum (nothing can be

excluded) and that allows us to solve the MM Index. Starting from a solution to the MFAS problem

in Proposition 2 we construct the minimum tuple of mistakes that satisfies GARPM.

Definition 11. A minimum mistakes tuple M̂ = (M̂w,M̂s) is the tuple of mistakes obtained from

the following algorithm:

1. Set M̂s equal to be the solution to the MFAS problem defined in Proposition 2.

2. Define the binary relation E on x by

E =%D \
(
M̂s ⋃ {(x, y) ∈%D: x = y

})
and the weights Ω̃ = (ω̃v)v∈E by

ω̃(x,y) =

N2 if x �D y

1 otherwise.

Let G̃ = (x, E). Denote by E? the solution to the MFAS problem of [G̃, Ω̃].
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3. Enumerate the elements in E? from 1 to |E?|; this is, E? = (ek)k∈[|E?|]. Define M̂w
0 = M̂s∪E?.

Starting at k = 1 and increasing by one until k = |E?| perform the following computation

3.1 Define M̃k = (M̂k−1 \ {ek},M̂s).

3.2 If the data satisfies GARP
M̃k

, set M̂w
k = M̂k−1 \ {es}. If not, set M̂w

k = M̂w
k−1.

Finally, set M̂w = M̂w
|E?|.

The idea behind the minimum mistakes tuple is first to remove only the strict preferences

necessary to make the revealed strict preference relation �D acyclic. By Proposition 2 we know

that any preference recovered using this procedure will solve the MM Index. After that, steps 2

and 3 remove revealed weak preferences (this is, preferences xi %D xj for which xi 6�D xj) that

create cycles of the form xj �R xi %D xj , which are violations of GARP.21 Specifically, step 2

removes all the cycles of the form xi %R xj %R xi, where xi 6= xj , and the weights assure that

does it by removing only weak revealed preferences. In step 3, we put back (remove from the set

of mistakes) the cycles made only of revealed weak preferences, which are not violations of GARP.

Figure 4 presents an example of how the Minimum Mistakes Tuple is constructed, and Appendix

A.4 shows an algorithm with pseudocode for its computation.

The first property of the Minimum Mistakes Tuple M̂ is that it can be used to estimate pref-

erences (proof in Appendix B.7).

Proposition 3. Let M̂ be the minimum mistakes tuple. The data satisfies GARPM̂.

Also, the minimum mistakes tuple is indeed minimum, as no element can be removed without

losing the ability to estimate preferences (proof in Appendix B.8).

Proposition 4. Let M̂ be the minimum mistakes tuple andM = (Mw,Ms) be a tuple of mistakes

satisfying Mw ⊂ M̂w and Ms ⊂ M̂s, with one relation being proper. The data fails GARPM.

The Minimum Mistakes Tuple M̂ is the main element we use to refine our estimator. Starting

from it, we can define a vector M̂ and then use both elements to estimate a preference relation.

Definition 12. Let M̂ be the minimum mistakes tuple and vM̂ an M̂-vector. A minimum mistakes

estimator %M̂ is a preference relation that vM̂-rationalizes the data and discards only M̂.

The minimum mistakes estimator has many desirable properties. First, from Proposition 3 its

existence is assured. Second, it uses as much information as possible (as the tuple of mistakes

is minimum) and also v-rationalizes the data. We end the description of the Minimum Mistakes

Estimator by showing that it is indeed a refinement of the estimator proposed in the previous

section; this is, that is also a solution to the Minimum Mistakes Index (proof in Appendix B.9).

Theorem 3. Any Minimum Mistakes Estimator solves (1) and is, therefore, consistent up to '.

21If xi �R xj and xj %D xi we have that there are m,m′ ∈ [N ] such that xi %R xm �D xm
′
%R xj . As xj %D xi

we have xm
′
% xm and xm �D xm

′
, a violation of GARP.

22



x1 x2

x3 x4

ω = 16
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(d) Step 3: Computation of M̂w

Figure 4: Procedure to compute the minimum mistakes tuple. Panel (a) shows digraph induced
from the data; In panel (b) cycles of strict preferences are removed. In panel (c) all cycles of
revealed preferences are removed (given previous procedure). In panel (d) cycles that do not

violate GARP are returned. MM tuple is given by M̂w = {(x2, x4), (x3, x4)} and

M̂s = {(x2, x4)}; induced order is x4 � x2 % x1 ∼ x3.
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In the following section, we implement this estimator in laboratory data and compare it with

the one derived from the Varian Index.

4 Empirical Exercise

In this section, we implement the Minimum Mistakes Estimator on laboratory data. We then

compare it with the estimator proposed by Halevy et al. (2018) based on the Varian (1990) Index,

to which we refer as the Varian estimator. First, we compare how they order subjects regarding

their decision-making quality. After that, we follow Fudenberg et al. (2021) and compare how well

they predict out-of-sample choices.

In short, the Varian Index defines a cost function f(v) for any vector v ∈ [0, 1]N , and looks

for the minimum cost v? such that the data is v?-rationalizable.22 Halevy et al. (2018) shows the

equivalence between v-rationalizability and a relaxed version of GARP (which modifies revealed

preferences according to v), and the Varian estimator is any preference that v?-rationalizes the

data. A more detailed description and an example of choice data in which both estimators differ

are presented in Appendix C.1.

The experimental design of our data is the portfolio-choice experiment of Choi et al. (2007).

In this experiment, each subject makes choices under risk. There are K different states of the

world, and in each round, the subject faces a randomly generated linear budget constraint to buy

Arrow securities for each of these states. Each Arrow security pays one if the corresponding state

is realized and zero otherwise. Each subject in our database faces 50 different rounds. At the end

of the experiment, one round and state are chosen randomly; each subject receives the payment

corresponding to their choice. Our data consist of 1,077 subjects: 909 of them made choices in an

environment with two states of the world (K = 2) and the other 168 faced three possible states of

the world (K = 3). In all cases, the problems were symmetric, i.e., all states of the world had the

same probability, and subjects were aware of this.

Following Assumption 1 we focus on the continuous and monotone preferences. This criterion

has been the most popular criteria to analyze this kind of experiments (e.g. Choi et al., 2007; Ahn

et al., 2014; Choi et al., 2014; Halevy et al., 2018). However, as choices involve a risk setting, we

also perform our analysis restricting the class of preferences to those that also satisfy first-order

stochastic dominance (FOSD) on the consumption variable they induce.23 FOSD is a special case

of the extensions developed in the Section 5. We refer to the analysis that focuses on all continuous

and monotone preferences as analysis under MON and restricted to preferences satisfying FOSD as

analysis under FOSD. Details on how to compute revealed preferences under FOSD can be found

in Appendix C.4.

22In a strict sense, it looks for the infimum of f(v) such that the data is v-rationalizable as the minimum does not
exist. See Ugarte (2022) for a discussion of this problem.

23First-order stochastic dominance is a widely accepted criterion for choices under risk. For example, Starmer
(2000) states that this is a property that “any satisfactory theory —descriptive or normative— should embody.”
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Since the MM Index and the Varian index measure different objects, they cannot be directly

compared. Instead, we compare how they order the different subjects in our database, which is

shown in Figure 5. Since we are not able to compute the exact Varian Index for all the subjects,

we include in our analysis only those for whom this computation is successful (details on the

computational advantage of the MM over the Varian Index are described in Appendix C.3). We

include only subjects who fail GARP, as the ones who satisfy it all have the same MM and Varian

indices (equal to zero). Both indices rank most of the subjects similarly. However, there are more

subjects with a (relative) high value of the Varian Index and a (relative) low value of the MM Index

than the opposite (this is, there are more subjects near the southeast end of the plot than near

the northwest one). The reason is that while the MM Index only penalizes subjects by the number

of violations, i.e., the number of revealed preferences that need to be removed, the Varian Index

measures its intensity (by how much does the income needs to be reduced in order to eliminate

the revealed preference). Thus there are subjects for whom few revealed preferences need to be

removed but, hence their MM Index rank is low, but the Varian Index associates a high cost to

remove them.

4.1 Out-of-sample prediction

Our main source of comparison between the Minimum Mistakes estimator and the Varian Index

is by measuring how well they predict out-of-sample. The problem of predicting out-of-sample

choices dates back to Varian (1982). Starts from choices that satisfy GARP he asks whether a new

choice (one not in the original data) is optimal according to some of the preference relations that

rationalize the data. Here we ask the same question but using the Minimum Mistakes and Varian

estimators. The specific test that has to be performed to evaluate whether an out-of-sample choice

is consistent with the estimator or not is described for a general case in Proposition 5 in Section 5,

and for the specific cases of MON and FOSD in Corollaries 1 and 2 in Appendix C.4. As explained

in the same Appendix, this characterization can be used both for the Minimum Mistakes Estimator

and the Varian one.

For our analysis, we split the observations data into two groups. Then we use the first one

(the train data) to estimate preferences and the second one (the test data) to check whether the

observed choices are consistent with some preference derived from the estimators. This approach

is based in Fudenberg et al. (2021), who motivate it in standard machine-learning practices.24

From the 50 choices each subject face, we perform our analysis using train data of size 40 (80%

of the total sample) and 45 (90%). In each case, choices were chosen randomly. Again, only

subjects for whom the Varian estimator can be exactly computed (in the train data) are included

in the analysis. Also, we exclude subjects that satisfy GARP when the 50 choices are included as

they automatically achieve a 100% accuracy under both estimators. For each subject, we measure

24The applications of machine learning techniques to economic analysis have gained popularity in recent years. Ex-
amples are Sgroi and Zizzo (2009) and Fudenberg and Liang (2019) in game theory, and Semenova and Chernozhukov
(2021) in econometrics.
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Figure 5: Ranking comparison of MM Index and Varian Index. Subjects with lower value of the
indices are ranked first, r is the correlation between both rankings. Sample includes only subjects

who fail GARP and for which the exact Varian Index is successfully computed.
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accuracy aobserved as the share of choices in the test data that are consistent with the preference

estimator. To measure completeness, we generate 1,000 uniform random choices from each of the

budget sets in the test data25 and then measure the accuracy of the random choices, which we

denote arandom. Completeness is measured as

aobserved − arandom

1− arandom
.

Before computing the out-of-sample accuracy, we need to define the vector v for which the

preference relation v-rationalizes the test data. In the case of the MM Index, definitions 10 and 10’

imply that for any tuple of mistakesM there is a continuous of possibleM-vectors. Specifically, as

one condition in each definition is a strict inequality, there is no “biggest”M-vector. We overcome

this by defining a vector that satisfies condition (4) for MON and (6) for FOSD with equality and

then multiplying each component of the vector that is less than one by a factor of .999. In the

case of the Varian Index, Ugarte (2022) shows that if a vector v is such that its cost is equal to the

Varian Index, then the data is not rationalizable (unless the data satisfies GARP); we overcome

this by taking a vector v with cost equal to the Varian Index and the multiplying each component

less than one by .999.

Table 1 presents the mean and standard deviation of the accuracy and completeness measures,

and also the correlation between these measures and the corresponding index in the train data. The

reason to include the correlation with the respective index is that we interpret it as informative

of how good is the index as a measure of decision-making quality. Interpreting the index as a

measure of distance from economic rationality, we expect an agent with a lower index to be better

at implementing her preferences. Then, if the corresponding estimator is recovering the agent’s

preferences (which it should if the previous interpretation is correct), the high correlation between

accuracy (or completeness) and the value of the index should be high. On the other hand, if the

correlation is low, the index is not measuring the distance from the underlying agent’s preference

relation but from other preference, which implies that it is not a good instrument to recover the

agent’s underlying preference relation. To include this measure is particularly important because

while we know the Minimum Mistakes Estimator is consistent (and therefore the MM Index should

measure the quality of decision-making), we do not know whether the Varian estimator possesses

this property. Hence we do not have theoretical tools to assess whether the Varian estimator is

reliable to recover preferences or not. The comparison with the MM estimator, which we know is

consistent, can give us some light on such a question.

Under MON both the accuracy and completeness are almost identical for both estimators: both

have roughly a 90% accuracy and a 78% percent completeness, and the differences between the two

are not statistically significant when a paired t-test is performed at the subject level. Under FOSD

25For 2D data, choices were generated such that the share of income spent in the first security distributes uniform
in the [0, 1] interval. For the 3D data, the distribution of the share was generated using the algorithm described by
Osada et al. (2002).

27



Table 1: Out-of-sample prediction accuracy

Accuracy Completeness
Criterion Ntest Index obs mean sd r mean sd r

MON
40

MM
670

0.9 0.12 −0.53 0.78 0.26 −0.51
Varian 0.9 0.12 −0.48 0.78 0.26 −0.45

45
MM

644
0.9 0.16 −0.41 0.79 0.33 −0.39

Varian 0.9 0.16 −0.33 0.78 0.33 −0.31

FOSD
40

MM
852

0.79 0.2 −0.63 0.56 0.41 −0.58
Varian 0.83 0.17 −0.48 0.62 0.4 −0.51

45
MM

818
0.78 0.23 −0.49 0.57 0.47 −0.44

Varian 0.83 0.2 −0.37 0.64 0.44 −0.37

Out-of-sample prediction accuracy and completeness under monotonicity (MON) and first-order-stochastic domi-

nance (FOSD) for the Minimum Mistakes (MM) and Varian estimators. Ntest is the number of choices to estimate

preferences; the remaining 50-Ntest choices are the “out-of-sample” choices. Obs is number of subjects and r is

correlation with the respective index. Only subjects who present inconsistencies and for whom exact Varian index

can be computed are included in the sample.

the Varian estimator has a higher accuracy and completeness than the Minimum Mistakes one, and

under the t-test the difference is statistically significant at a 1% level.

In all cases, the Minimum Mistakes Index presents a higher correlation (in absolute value)

with prediction than the Varian Index. In all but one specification, such difference is significant

at the 1% level (for MON and a train data of 40 choices the p-value is 1.3%).26 As explained

before, we interpret this as suggesting that the Minimum Mistakes Estimator is closer to the

underlying preferences, as agents that present a better implementation of their preferences should

be “easier” to predict. This result suggests that our estimator’s consistency is a relevant difference,

as it informs about the MM estimator recovering agent’s underlying preference and not only one

possible preference relation.

5 General Choice Environment

In this section, we extend the applicability of our estimator to a more general class of choice

problems. We modify the possible budget sets the agent faces and the set of preference relations

we interpret as rational.

5.1 Environment Description

Budget Sets In the previous sections we assumed that budget sets were linear, i.e., that in each

choice there was a price vector determining the budget set. In this section we follow Forges and

26See Steiger (1980) for a detailed description of this test.
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Minelli (2009) and study general budget sets. The only requirements that we impose on a budget

set are the following

Assumption 4. Each budget set B ⊂ RK+ in the data is compact, comprehensive,27 and contains

at least one bundle x ∈ Bi such that x� 0.

For any budget set B we define its upper boundary as b(B) ≡ {x ∈ B : y � x =⇒ y /∈ B}
and assume that choices are made in this boundary, i.e. that xi ∈ b(Bi) for all i. The assumption

about the choice being in the boundary is standard, and discards the possibility of the consumer

“burning money”. Assumption 4 allows us to describe each budget set in a convenient way by using

elements of convex analysis. For each set B we define the function gB : RK+ → R by

gB(x) = inf{λ > 0 : x ∈ λB} ; where λB ≡ {λx ∈ RK+ : x ∈ B} .

The function gB is known as the gauge of B or the Minkowski functional induced by B. The

following result (Lemma 1 in Forges & Minelli, 2009) allow us to work directly with this function

instead of the original set.28

Lemma 2. Let B ⊂ RK+ be compact, comprehensive, and containing a strictly positive vector. Then

1. gB : RK+ → R is continuous, increasing,29 and homogeneous of degree one;

2. B = {x ∈ RK+ : gB(x) ≤ 1}; and

3. b(B) = {x ∈ RK+ : gB(x) = 1}.

Lemma 2 implies that we can characterize every budget set B through the gauge gB(·) induced

by it. Moreover we can characterize the upper boundary of B by the set {x ∈ RK+ : g(x) = 1}.
Given these properties we define our choice data as D = (gi, xi)i∈[N ], where in each observation

gi ≡ gBi .

Desirability Criteria The main idea in the definition of revealed preferences in Sections 2 and

3 is that “more is better”, i.e., that when comparing two different bundles x and y, if x has more

of every good than y (i.e., x > y), we can say that the first one is objectively better than the

second one. This assumption is not only intuitively compelling but also crucial for our estimation,

as discussed in Section 2.3. The idea that “more is better” is also embedded Afriat’s (1973) partial

efficiency and v-rationalizability.

Although monotonicity cannot be avoided, it is possible to include more informative criteria

of whether a bundle is, in words of Nishimura et al. (2017, p. 1241), “an objectively better

27A set is comprehensive if for every x ∈ B and y ≤ x we have y ∈ B.
28Forges and Minelli (2009) also include the following assumption (Assumption H) in the requirements for the

budget set: “if x ∈ b(B) then kx ∈ B \ b(B) for all k ∈ [0, 1)”. However, this assumption always hold: as B is
comprehensive and k < 1 then x ∈ B implies kx ∈ B, and as x� kx we have kx /∈ b(B).

29A function is increasing if for any x, y ∈ RK+ , y � x =⇒ gB(y) > gB(x). This definition is close to the definition
of strictly ≥-increasing (see Appendix B.4), but for convenience we omit the ≥ symbol.
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alternative” than other; in other words, that every rational agent should prefer the former to the

latter. Following Nishimura et al. (2017) we assume our objective criteria is a preorder � on RK+ ,

with asymmetric component is � and symmetric component ∼�.30 Even if we don’t know the

consumer preferences, we know that whenever x � y she prefers x to y, and whenever x � y she

strictly prefers x to y. We assume that this preorder agrees with our previous assumptions.

Assumption 5. � is a continuous preorder and extends ≥ (� ⊃≥ and � ⊃>).

Both parts of Assumption 5 are crucial for the same reasons as in Section 2: continuity is

fundamental for inferences purposes, and extending of ≥ just says that “more is better” is part of

the objective criteria.

5.2 Revealed Preferences and GARP with Mistakes

The first step toward understanding the consumer’s preferences in this general approach is to

adequate the idea of revealed preferences. We do this in the following definition.

Definition 1’. Given an objective criteria �, and two choices xi, xj

- xi is directly revealed preferred to xj , denoted xi %D xj , if there is a bundle y such that gi(y) = 1

and y � xj ;

- xi is directly revealed strictly preferred to xj , denoted xi �D xj , if there is a bundle y such that

gi(y) = 1 and y � xj ;

- xi is revealed preferred to xj , denoted xi %R xj , if there is a sequence of choices (xm`)`∈[L] such

that xi %D xm1 %D xm2 %D . . . %D xmL %D xj ; and

- xi is revealed strictly preferred to xj , denoted xi �R xj , if there are choices xm, xm
′

such that

xi %R xm �D xm
′
%R xj .

The definition of revealed preferences presented above is motivated by the cyclical consistency

definition in Nishimura et al. (2017), which is explained in Appendix B.4. Intuitively if the agent

chooses xi when y is also available, then xi is preferred to y, and if y � xj then y is preferred to

xj ; hence transitivity implies that xi is preferred to xj . The same logic follows for the definition of

strict preferences, with the change that y�x allows us to conclude that xi is strictly preferred to xj .

The definitions of (indirectly) revealed preferences are the same as in Definition 1 and follow from

a further application of transitivity. The following result shows that an equivalent definition to the

directly revealed strict preferences could follow the following logic: if xi is chosen when something

better than y is available and y � xj , then xi is strictly preferred to xj .

Fact 1. xi �D xj if and only if there is a bundle y such that gi(y) < 1 and y � xj.

The choice to use the same symbols in both the original definition of revealed preferences (Def-

inition 1) and the one presented in this section (Definition 1’) has the purpose of showing how the

30A binary relation % on RK+ is a preorder if it is reflexive (e.g., x % x for all x) and transitive.
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ideas presented in the previous sections can be extended to this more general environment. How-

ever, we need to modify some definitions in order to make them suitable for this new environment.

In particular, in Section 2 assuming that every choice is in the upper boundary of the budget set

(pixi = 1) was enough to avoid situations in which a choice is directly revealed strictly preferred

to itself. However, that property is not true in this general setting: there might be situations in

which a choice xi is not optimal according to � even if gi(xi) = 1. Also we can have observations

i, j where xi %D xj and xj � xi, which was impossible before. We include these changes in the

following definition of a tuple of mistakes (� and � are the inverses of � and �, respectively).

Definition 6’. A tuple of mistakes M is a pair (Mw,Ms), where Mw ⊂%Dx and Ms ⊂�Dx ,

satisfying the following characteristics

1. xi � xj implies (xi, xj) /∈Mw and xi � xj implies (xi, xj) /∈Ms;

2. if xi �D xj and (xi, xj) ∈Mw, then (xi, xj) ∈Ms; and

3. if xi %D xj and xj � xi then (xi, xj) ∈Mw; and if xi �D xj and xj � xi then (xi, xj) ∈Ms.

The first two conditions are identical to the ones in Definition 6 and have the same interpretation.

The third condition tells us that directly revealed weak preferences that contradict � and directly

revealed strict preferences that contradict � have to be included in the tuple of mistakes.

The definitions of M-revealed preferences (Definition 8) and of GARPM (Definition 9) can be

directly adapted by using our new definitions of revealed preferences (Definition 1’) and tuple of

mistakes (Definition 6’). The definitions of v-rationalizability (Definition 5) and of the M-vector

(Definition 10) have to be slightly modified to be adapted to the more general class of budget sets.

Definition 5’. Given v ∈ [0, 1]N , the data is v-rationalizable if there is a preference relation %

such that xi % x whenever gi(x) ≤ vi. We say that such a preference relation v-rationalizes the

data.

The idea behind the new definition of v-rationalizability is equivalent to the one in Definition

5. Although in this general case we do not have an explicit income (so we cannot interpret the

component vi as shrinking the income in choice i), the fact that gi is homogeneous of degree one

(Lemma 2) implies that if a bundle x is in the upper boundary of Bi then xi should be preferred

to the bundle vi x. This characterization is equivalent both in the case of linear budget sets and

in the general case presented in this section. This generalization of v-rationalization to non-linear

budget sets has not been proposed before in the literature.

Given the new definition of v-rationalization, we propose the following requirements for an

M-vector.

Definition 10’. Take choice data D and a tuple of mistakes M. An M-vector vM is a vector in

[0, 1]N such that

vMi < gi(y) whenever (xi, xj) ∈Mw and y � xj , and (6)
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vMi ≤ gi(y) whenever (xi, xj) ∈Ms and y � xj . (7)

The change in the definition of an M-vector adapts the more general definition of revealed

preferences, but follows the same intuition. Equation (6) assures that vM-rationalization does not

imply that elements in Mw are interpreted as preference relations, and (7) assures the same for

Ms and strict preference relations. In particular (7) assures that the set {x : gi(x) ≤ vMi } does

not include any bundle that objectively dominates xi.

To develop a minimum Mistakes Estimator, we show that the Afriat’s Theorem with Mistakes

(Theorem 2) is also valid in this more general setting focused on preference relations % that are

�-monotone (this is, for which %⊃ � and �⊃ �). As it can be expected from Nishimura et al.

(2017), if the data satisfies GARPM, then we can find an �-monotone preference relation that

discards only M and vM-rationalizes the data.

Theorem 2’. Given a tuple of mistakes M, for every M-vector vM there exists a continuous

and �-monotone preference relation that discards only M and vM-rationalizes it if, and only if, D
satisfies GARPM.

5.3 A consistent estimator

Now we extend our estimator to the general environment presented in this section. Since we impose

a more restrictive criterion � to compare bundles, we only focus on preference relations consistent

with this criteria, so we redefine the set of preference relations P to be the set of continuous and

�-monotone preference relations. We modify Assumption 1 accordingly.

Assumption 1’. The agent’s preference relation %? is continuous and �-monotone.

The definition of the Minimum Mistakes Index (1) is the same, with the difference that the set

P is defined according to Assumption 1’.

5.3.1 Consistency

As in the case with linear budget sets, we assume that observations are i.i.d, motivated by the idea

that first budget sets are drawn i.i.d. according from some distribuion and then choices are drawn

according to some choice rule from the upper boundary of the respective budget set. We denote by

B the set of budget sets, and in order to emphasize the similarities between the estimator developed

in the previous sections for the classical consumer setting and the one developed here, we denote

by O the set of possible observations; this is, O =
{

(B, x) ∈ B × RK+ : gB(x) = 1
}

. As in Section 2,

we denote by µ the probability measure over observations, by µ2 the induced measure over pairs of

observations. We again assume that µ (and µ2) satisfy Assumptions 2 and 3, with the difference that

the condition on Assumption 2 now uses a different definition of revealed preferences (Definition
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1’). Under Assumptions 1’, 2, and 3 the result in Theorem 1 still holds; this is, an estimator coming

from solving the MM Index is still consistent up to '.

Theorem 1’. Denote by %̂N a solution to (1) when the data D has N observations. Under

Assumptions 1’, 2 and 3 for any η > 0 we have

lim
N→∞

Pr
(

∆
(
%̂N ,%

?
)
< η

)
= 1 .

The proof of Theorem 1’ is very close to the proof of 1, and hence we omit it. The main

difference is that we need to note that any preference %∈ P solving the Minimum Mistakes Index

(1) also minimizes the function

d̃(D,%) =

∣∣�D \ (� ∪R)
∣∣

| �D \R|
,

where R = {(x, y) ∈ RK+ × RK+ : x = y} is the “diagonal” of RK+ × RK+ , and then work with d̃

instead of d. We are able to do this substitution since for any preference relation % we know that

� ∩R = ∅ (no bundle is strictly preferred to itself), and need to do it since it allows us to interpret

d as a U-statistic and apply Hoeffding’s (1961) Strong Law of Large Numbers. Besides this change

the differences between proving Theorem 1 and Theorem 1’ are mostly of notation. In particular,

the proof of Theorem 1 never uses the particular definition of revealed preferences or the fact that

budget sets are linear, and hence still applies here.

Regarding the possibility of recovering %? starting from any element in 〈%?〉, note that the

set of continuous and �-monotone preference relations is a subset of the set of continuous and

monotone preference relations. Therefore proposition 1 still applies.

5.3.2 Computation

In section 2.4 we showed how to reduce the problem of finding the MM Index to solving the MFAS

problem of the graph (x,�D) with appropriately defined weights. The same approach can be taken

here, but some modifications have to be made to ensure that the order induced in the graph by the

solution to the MFAS problem does not violate �. First, we need to redefine the weights in the

problem to assure that no relations x �D y where x � y are removed. Second, we need to make

sure that all relations x �D y where y � x are removed, for which we take into account only the

elements of �D that do not contradict �. Finally, we need to redefine the set x to include only

one observation for each indifference class of �. This is because if we include more than one, we

can have a solution to the MFAS problem in which the induced topological order contradicts �.31

Specifically, suppose we have three different choices xi, xj , x` such that xi ∼� xj (this is, xi � xj

and xj � xi) but x` cannot be compared (according to �) to either xi or xj . By itself, the MFAS

31To have two different bundles indifferent according to � was impossible under monotonicity as each indifference
class of ≥ is a singleton.
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problem does not assure that the induced order does not have xi before x` and x` before xj , which

would violate �.

Proposition 2’. For a choice data D let x be the set of choices and define set x0 and the binary

relation �D� on x0 as

x0 = {xi : there is no j < i for which xi ∼� xj}, and

�D� = {(x, y) ∈ x0 × x0 : there is (xi, xj) ∈ x× x s.t. xi ∼� x; xj ∼� y; xi �D xj ; and xj 6�xi}.

Take the graph G = (x0,�D�) and the weights Ω = (ωe)e∈�D� defined by

ω(x,y) =

N2 if x� y∣∣{(w, z) ∈ x× x : w ∼� x, z ∼� y, and w �D z}
∣∣ otherwise.

A preference relation %∈ P solves (1) if and only if �D� \ � solves the MFAS problem of [G,Ω].

The proof of the previous result is in Appendix B.12. As explained before, the set x is defined

in order to avoid two choices in the same indifference class of �. The directly revealed strict

preferences are restricted only to elements in x0 (for which we need to include in �D relations

between choices that are not included in x) and to relations that do not violate �.32 Finally,

the weights are modified in order to take into account the revealed preferences not only between

elements of x0 but also between choices that are not included on x. For any bundles x and y in x0

we count all the times a choice in the indifference class of x is directly revealed strictly preferred

another one in the indifference class of y.

5.4 The Minimum Mistakes Estimator

Similarly to Section 3.3 we can use Proposition 2’ to propose a minimum mistake tuple.

Definition 11’. A minimum mistakes tuple M̂ is the tuple (M̂w,M̂s) obtained from the following

algorithm:

1. Let E0 be the solution to the MFAS problem defined in Proposition 2’. Set

M̂s =
{

(x, y) ∈�D: x ∼� w, and y ∼� z for some (w, z) ∈ E0

} ⋃ {
(x, y) ∈�D: y � x

}
.

2. Define the binary relation E on x by

E =%D \
((
M̂s \ ∼�

) ⋃ {
(x, y) ∈%D: y � x

} ⋃ {
(x, y) ∈%D: x = y

})
32In particular, whenever we have xi �D xj we need to make sure that we have x` ∈ x and xm ∈ x (where

potentially ` = i and m = j) such that x` ∼� xi, xm ∼� xj and x` �D� xm.
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and the weights Ω̃ = (ω̃v)v∈E by

ω̃(x,y) =

N2 if x �D y or x� y

1 otherwise.

Let G̃ = (x0, E). Denote by E? the solution to the MFAS problem of [G̃, Ω̃].

3. Enumerate the elements in E? from 1 to |E?|; this is, E? = (ek)k∈[|E?|]. Define

M̂w
0 =

(
M̂s \ ∼�

) ⋃ (
%D ∩�

) ⋃
E? .

Starting at k = 1 and increasing by one until k = |E?| perform the following computation

3.1 Define M̃k = (M̂k−1 \ {ek},M̂s).

3.2 If the data satisfies GARP
M̃k

, set M̂w
k = M̂k−1 \ {es}. If not, set M̂w

k = M̂w
k−1.

Finally, set M̂w = M̂w
|E?|.

The logic behind the definition of the Minimum Mistakes Tuple in this environment is similar

to the one in Definition 11. The only difference is that here we also need to take into account that

the tuple of mistakes cannot contradict � (properties 1. and 3. in Definition 6’). Again, we use

the minimum mistakes tuple M̂ and a vM̂-vector to recover a minimum mistakes estimator.

Definition 12’. Let M̂ be the minimum mistakes tuple and vM̂ an M̂-vector. A minimum

mistakes estimator %M̂ is an �-monotone preference relation that vM̂-rationalizes the data and

discards only M̂.

The argument in Proposition 3 assures the existence of a Minimum Mistakes Estimator in this

setting as well. Also, and similarly to Proposition 4, the minimum mistakes tuple in Definition 11’

cannot be reduced without violating GARPM. Finally, as with Theorem 3 the minimum mistakes

estimator is consistent up to ' (we omit the proof of this result as it is straightforward).

Theorem 3’. The Minimum Mistakes Estimator solves (1) and is therefore consistent up to '.

5.5 Out-of-sample prediction

From Theorem 2’ we know that if the data satisfies GARPM there exists a preference relation that

vM rationalizes the data and discards only M. However, this preference relation is never unique

for a finite number of observations. In this section we show how to test whether a new choice, not

included in the data that satisfies GARPM, is consistent with some preference estimated using the

original data and the tuple of mistakes M. This test is the main tool for the empirical analysis

described in Section 4.

Our starting point is an original choice data D and a tuple of mistakes M, where D satisfies
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GARPM. We denote the set of all preference relations consistent with GARPM by R(M); this is

R(M) = {%∈ P :% vM-rationalizes the data and discards only M}

Suppose we observe a new choice budget set B with gauge g (where B satisfies Assumption 4 and

g(x) = 1). We are interested in testing whether a choice in this budget set is consistent with some

preference in R(M). We denote the set of all such choices by CM(B).

CM(B) = {x ∈ B : there is %∈ R(M) for which x % y for all y ∈ B} .

In order to characterize the set CM(p) we follow Varian (1982) and define a partial order between

the new budget set and the ones observed in the data.

Definition 13. Given choice data D, a set of mistakesM and a budget set B with gauge g we say

that g is

1. M-directly revealed preferred to gi, denoted g∼m
D

M
gi, if there is x such that g(x) = 1 and

x� xi;

2. M-directly revealed strictly preferred to gi, denoted g mD
M gi, if there is x such that g(x) = 1

and x� xi;

3. M-revealed preferred to gi, denoted gmR
M gi, if there exist an observation xj ∈ [N ] such that

g∼m
D gj and xj %RM xi; and

4. M-revealed strictly preferred to gi, denoted g mR
M gi, if there exist an observation xj ∈ [N ]

such that either g mD
M gj and xj %RM xi, or g∼m

D

M
gj and xj �RM xi.

The idea of directly revealed preferences in the previous definition is that, if when facing budget

set gi the agent chose xi and in budget set g there is a bundle available that is at least as good as

xi, then the agent (weakly) prefers to choose from g than from gi. Similarly, if there is a bundle

in g that is strictly better than xi, then the agent strictly prefers to choose from g than from gi.

Finally, if there is a bundle in g that is strictly better than other choice xj and we have inferred

that xj is preferred to xi, then we can also infer that the agent prefers to choose from g than from

gi. The main theoretical question in this section how to test whether a bundle is an element of

CM(B) or not. Following Fact 8 in Varian (1982) we obtain the following result.

Proposition 5. Suppose D satisfies GARPM. For any M-vector vM and budget set B with gauge

g, a bundle x is in the set CM(B) if and only if it satisfies the following conditions:

{y : g(y) = 1 and y � x} = ∅ (8)

xi 6�x and {y : gi(y) = vMi and y � x} = ∅ whenever g∼m
R

M
gi, and (9)

xi 6�x and {y : gi(y) = vMi and y � x} = ∅ whenever g mR
M gi . (10)

The proof of this result in is Appendix B.13. Intuitively, the idea of this characterization is to
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simply to require that the new choice does not add further violations of GARP than the ones that

were already removed by M. As shown in Appendix C.4, when budget sets are linear are � is

either monotonicity (≥) of first order stochastic dominance this result gives us simple rules to test

whether out-of-sample observations are consistent with previous estimations.

6 Concluding Remarks

In his Revision of Demand Theory, John Hicks (1956) states that “the econometric theory of

demand does study human beings, but only as entities having certain patterns of market behavior;

it makes no claim, no pretense, to be able to see inside their heads.” This paper makes a strong

argument in favor of Hick’s point of view: starting from the fact that most consumers fail GARP,

we show that a method to recover their preferences is to be agnostic about the specific structure

in which GARP is violated. As for any method to recover preferences when choices fail GARP,

we assume that preferences exist and are imperfectly implemented. Unlike the existing methods,

we refrain from imposing a specific source for this imperfect implementation. Instead, we take the

perspective of an external observer and focus on identifying incorrect inferences. We show that this

method is statistically consistent under weak assumptions. Consistency is an essential property

in econometrics that none of the existing methods to recover preferences possess. Furthermore,

we show that classical requirements on revealed preferences, specifically partial efficiency (Afriat,

1973; Varian, 1990) can be required without any cost in terms of statistical properties.

Traditionally, the problem of analyzing choices that fail GARP has been studied with a focus

on measuring the distance from rationality, not on the specific preferences recovered (a notable

exception is Halevy et al., 2018). However, measuring the distance from GARP does not seem

to be a sufficient criterion without an idea of the relation between the recovered preferences and

the agent’s “real” preference relation. Intuitively, distance from GARP tells us how far is are the

choices from being consistent with a preference relation, but it does not inform us whose preference

relation is it; this is a limitation of existing methods, as we do not know their statistical properties.

The consistency of our estimator implies that when the number of observations increases, it is

more likely to recover a preference close to the agent’s underlying preference. As such, we measure

distance not from some preference relation but from one that is (likely) close to the agent’s “true”

preference. Consistency implies that our estimator’s objective function is a better instrument to

measure the quality of decision making, which is the usual interpretation of distance from GARP

(Choi et al., 2014).

Our empirical results support the idea that our estimator gives a better measure of decision-

making quality. We implement our estimator in laboratory data from 1,077 subjects. Following

the experimental design in Choi et al. (2007) each subject chooses from 50 different random budget

sets, and each good is an Arrow security for the equally likely states of the world. We analyze the

data with two different criteria of a “high-quality” decision making: monotonicity (the idea that
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“more is better”) and first-order stochastic dominance (FOSD). We compare our estimator to the

one derived by the Varian (1990) Index proposed by Halevy et al. (2018). Under monotonicity,

both estimators predict similarly, and under FOSD, the one derived from the Varian Index predicts

better. However, our estimator systematically presents a stronger correlation between the measure

of decision-making quality and out-of-sample accuracy (even when corrected for how restrictive

both estimators are). In line with our theoretical results, this suggests that our estimator provides

a better measure of decision-making quality and is, therefore, a better tool to recover the agent’s

underlying preference (instead of just some preference).

We provide a characterization of the estimator that allows us to reduce the estimation problem

to the solution of two minimum feedback arc set problems. The solution to this problem is an

active area of research, and therefore several efficient algorithms are available. Finally, we show

that our method is general and can be implemented in a vast class of choice environments. These

environments combine a more general class of budget sets (not necessarily linear) and additional

requirements to the preferences (for example, first-order stochastic dominance in choices under

risk). In all these cases, the motivation and methodology are similar to those in the classical

consumer setting. Assuming that revealed preferences are a reliable tool to analyze data, we show

that our estimator is consistent and satisfies the traditional requirements to recover preferences in

the revealed preference literature.
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APPENDICES

A Additional Examples

A.1 Number of revealed preferences

For a data size N the number of directly strictly revealed preferences | �Dx | is a random variable

(as both price vectors and chosen bundles are random objects). An example of this is shown in

Figure 6.

x1

x2

(a) | �D | = 0

x1

x2

(b) | �D | = 1

x1

x2

(c) | �D | = 2

Figure 6: Experiments with N = 2 and different number of revealed strict preferences.

A.2 Two binary relations that agree on the interior

Here we show an example of two binary relations %, %′∈ P that agree on the interior, i.e., %'%′.
The preference relation % is shown in Figure 7. Figure 8 shows a binary relation %′ that agree on

the interior with %. Formally, these relations are defined as follows.

x % y ⇐⇒ x1 + x2 ≥ y1 + y2 ; and

x %′ y ⇐⇒ (x % y) or (y1 = 0) or (y2 = 0) .

Note that %′ is complete, continuous, weakly monotone, and Grodal-transitive, and hence a

member of P (Lemma 6). However, it is not transitive and therefore not a member of P. If two

bundles x and y are such that x� 0 and y � 0, then x % y if and only if x %′ y, i.e., %'%′.

42



x

(a) {y : x ∼ y}

x

(b) {y : x % y}

x

(c) {y : y % x}

Figure 7: A preference relation % with examples of the indifference class and dis-preferred and
preferred sets for a bundle x.

x

(a) {y : x ∼ y}

x

(b) {y : x % y}

x

(c) {y : y % x}

z

(d) {y : z ∼ y}

z

(e) {y : z % y}

z

(f) {y : y % z}

Figure 8: A binary relation %′ that is similar to %. We show the indifference class and the upper
and lower contour sets for a bundle x in the interior and a bundle z on the border.
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A.3 Non-Convex Preferences

Take the choice data specified in Figure 9.

i pi xi

1 (1/2, 1) (1/10, 19/20)

2 (1, 1/2) (19/20, 1/10)

3 (5/4, 26/45) (614/1125, 11/20)

4 (5/7, 50/49) (24/35, 1/2)

(a) Data

x1

x2

x3
x4

(b) Graphical Representation

Figure 9: Choice data whose solution to the MM Index is not convex

The directly revealed strict preferences are x1 �D x2, x1 �D x3, x1 �D x4, x2 �D x1, x2 �D

x3, x2 �D x4, x3 �D x1, x4 �D x2 and x4 �D x3.

Claim. If a preference relation % solves the MM Index (1), then it is not convex.

Proof. 1. If E is a solution to the MFAS problem of (x,�D), then |E| = 3. The graph has three

cycles of two bundles: x1 �D x2 �D x1, x1 �D x3 �D x1, and x2 �D x4 �D x2. Hence any so-

lution has to have at least three elements. Moreover, if we set E? = {(x2, x1), (x2, x4), (x3, x1)}
the the graph (x,�D \E?) is acyclic. Hence any solution E has to satisfy |E| = 3. Therefore

any solution % to the MM Index (1) has to satisfy | �D \ � | = 3 (Proposition 2).

2. Any solution % to the MM Index satisfies x1 � x3 and x2 � x3:

a. If x3 % x2 then (x2, x3) ∈ (�D \ �). As the three cycles of two bundles specified in the

previous point still have to be opened, then | �D \ � | ≥ 4, a contradiction.

b. If x3 % x1, then (x1, x3) ∈ (�D \ �).

i. If x4 % x3, then by transitivity x4 % x1, so (x1, x4) ∈ (�D \ �). As the cycles

x1 �D x2 �D x1 and x2 �D x4 �D x2 still have to be opened then | �D \ � | ≥ 4, a

contradiction.

ii. If x3 � x4 then (x4, x3) ∈ (�D \ �). As the cycles x1 �D x2 �D x1 and x2 �D x4 �D

x2 still have to be opened then | �D \ � | ≥ 4, a contradiction.

3. If % is a solution to the MM Index is not convex: Let z = x1/2 + x2/2 = (21/40, 21/40). As

x3 � z by monotonicity we have x3 � z. By 2. we know that x1 � x3 and x2 � x3, which

by transitivity implies x1 � z and x2 � z. As z is a convex combination of x1 and x2 we

conclude that % is not convex.
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A.4 Computation of the Minimum Mistakes tuple

Algorithm 1 presents pseudocode on how to compute the Minimum Mistakes Tuple.

Algorithm 1: Computation of the Minimum Mistakes Tuple

Input : Choice data D = (pi, xi)i∈[N ]

Output: Tuple of Mistakes M̂ = (M̂w,M̂s)

Function MFASP(G = (V,E), Ω = (ωe)e∈E):
return Solution to the MFAS problem of [G,Ω]

Function GARP M(D, M = (Mw,Ms)):
return (D satisfies GARPM)

Function Step 1(D):
Define Ω = (ωe)e∈�D by

ω(x,y) =

{
N2 if x > y

1 otherwise.

return MFASP ((x,�D),Ω)

Function Step 2(D, M̂s):

E ← %D \(M̂s ∪ {(xi, xi) : i ∈ [N ]})
Define Ω = (ωe)e∈E by

ω(x,y) =

{
N2 if x �D y

1 otherwise.

return MFASP ((x, E),Ω)

Function Step 3(D, M̂s, E?):

M̂w ← M̂s ∪ E?

for e in E? do

M← (M̂w \ {e},M̂s)

if GARP M (D,M) then M̂w ← M̂w \ {e}
end

return M̂w

Function Main:

M̂s ← Step 1 (D)

E? ← Step 2 (D,M̂s)

M̂w ← Step 3 (D,M̂s, E?)

return M̂w, M̂s
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B Proofs

B.1 Theorem 1

Before proving Theorem 1 we prove several auxiliary results.

Lemma 3. If xn → x, yn → y, %n→% and xn %n yn for all n, then x % y.

Proof. From Redekop (1993) we know that if %n→% then x % y is equivalent to the following: for

all open sets Ox and Oy for which x ∈ Ox and y ∈ Oy there are sequences x̃n and ỹn such that for

all sufficiently large n we have x̃n ∈ Ox, ỹn ∈ Oy, and xn %n yn.

Take any open sets Ox and Oy containing x and y, respectively. As the sets are open, xn → x,

and yn → y then for all sufficiently large n we have xn ∈ Ox and yn ∈ Oy. As xn %n yn for all n

and Ox, Oy are arbitrary then x % y.

Lemma 4. If xn → x, yn → y, %n→% and x � y, then for n large enough xn �n yn.

Proof. Towards a contradiction suppose for all n there is n′ > n such that yn
′
%n
′
xn
′
. Then there

are subsequences xnk → x, ynk → y and %nk→% such that ynk %nk xnk . By Lemma 3 we have

that y % x, a contradiction.

Lemma 5. The set P is compact.

Proof. Let S be the set of continuous binary relations on RK+ × RK+ . The metric space (RK+ , || · ||),
where || · || denotes the Euclidean distance, is locally compact. Then under any product metric d

(e.g., the L2 norm) the metric space (RK+ × RK+ , d) is metrizable locally compact. From Theorem

B.2 in Hildebrand (1974) it follows that the set of S of continuous binary relations on RK+ ×RK+ is

metrizable and compact under the closed convergence topology. As P ⊂ S is a closed subset of a

compact space it is itself compact.

Lemma 6. Let % be the limit of (%n)n∈N, where %n∈ P for all n (i.e., %∈ P). Then % is

1. continuous,

2. complete,

3. Grodal-transitive, i.e., for any x, y, z, w we have that x % y � z % w implies x % w.

4. weakly monotone, i.e. x ≥ y implies x % y and x� y implies x � y, and

Proof. Take a sequence (%n)n∈N such that %n∈ P for all n and %n→%.

1. Continuity follows from %∈ P ⊂ S.

2. Take xn → x and yn → y. As %n is complete, there are subsequences xnk and ynk such that

either xnk %nk ynk for all k or ynk %nk xnk for all k. Hence by Lemma 3 either x % y or

y % x, i.e., % is complete.
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3. See Proposition 6 in Grodal (1974).

4. Suppose % is not weakly monotone.

- If there is x, y such that x ≥ y and y � x, then for every sequences xn → x and yn → y

we have that yn �n xn for n large enough (Lemma 4). In particular this is true for the

sequences xn = x and yn = y, and hence y �n x. But as %n∈ P is monotone we have

x %n y, a contradiction.

- If there is x, y such that x� y and y % x, there have to be sequences zn → x and wn → y

such that wn %n zn for n large enough (Lemma 3). As x� y, for every sequences xn → x

and yn → y and n large enough we have xn � yn, hence xn �n yn. This contradicts

wn %n zn.

Lemma 7. For every data D and binary relation %∈ P the function d(D,%) is continuous with

probability one.

Proof. Take choice data D, a binary relation %∈ P, and a sequence %m→%. Take i, j ∈ [N ]. From

Assumption 3 having two observations such that xi ∼ xj is a zero probability event. If xi � xj

then for m0 large enough we have that xj 6%m xi, and hence xi �m xj , for all m ≥ m0. Similarly if

xj � xi for m1 large enough we have xj �m xi for all m ≥ m1. Hence with probability one

lim
m→∞

d(D,%m) = d(D,%) .

Lemma 8. Define κ : P → [0, 1] by

κ(%) =
µ2(x �D x′ and x � x′)

µ2(x �D x′)
.

The function 1− d converges in probability to κ, i.e., 1− d(DN ,%)
p−→ κ(%).

Proof. We have

1− d(DN ,%) =
| �D ∩ � |
| �D |

=

(
| �D |

N(N − 1)

)−1( | �D ∩ � |
N(N − 1)

)
For N observations there are N(N−1) pairs of observations over which we could potentially observe

strict preference relations (as we never have x �D x).

We have

| �D |
N(N − 1)

=
1

N(N − 1)

∑
i 6=j

1
{
pi · xj < 1

}
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Since observations are i.i.d. and the expression within the sum is bounded between zero and one,

it follows from Hoeffding’s (1961) Strong Law of Large Numbers for U-statistics that

| �D |
N(N − 1)

a.s.−→ µ2(x �D y) + µ2(y �D x)

By a similar argument

| �D ∩ � |
N(N − 1)

=
1

N(N − 1)

∑
i 6=j

1
{
pi · xj < 1

}
1
{
xi � xj

}
a.s.−→ µ2(x �D y and x � y) + µ2(y �D x and y � x) .

It follows from Assumption 2 that µ2(x �D y) + µ2(y �D x) > 0.33 Then by the continuous

mapping theorem

1− d(DN ,%)
a.s.−→ µ2(x �D y and x � y) + µ2(y �D x and y � x)

µ2(x �D y) + µ2(y �D x)
= κ(%)

where the last equality is given by the independence between observations. Almost sure convergence

implies convergence in probability.

Lemma 9. 1− d(DN ,%) converges uniformly in probability to κ(%). This is,

sup
%∈P
|1− d(DN ,%)− κ(%)| p−→ 0 .

Proof. 34 Take δ > 0, %∈ P and define

Λδ(%,DN ) ≡ sup
%′∈Bδ(%)

(1− d(DN ,%′))− inf
%′∈Bδ(%)

(1− d(DN ,%′)) .

As d(DN ,%) is almost surely continuous in % (Lemma 7) then limδ→0 Λδ(%) = 0 almost surely.

Also, since d(DN ,%) ∈ [0, 1] it is clear that Λδ(%) ≤ 1. Hence

lim
δ→0

E[Λδ(%)] = 0 .

Thus for every ε > 0 and %∈ P there exists δε(%) such that E[Λδε(%)(%)] < ε.

It is clear that we can cover P by {Bδε(%)(%) :%∈ P}. As P is compact (Lemma 5) there is a

33To see this take any sets A,B ⊂ RK+ such that A �? B and note that A×B ⊂ RK+ × RK+ . Then

µ2(x �D y) ≥ µ2(x ∈ A, y ∈ B, and x �D y) > µ2(x ∈ A, y ∈ B, and y %D x) ≥ 0.

34This proof is adapted from the proof of Theorem 1 in Jennrich (1969).
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finite subcover, such that P is covered by
⋃
`∈[L]Bδε(%`)(%

`). We have

sup
%∈P

(1− d(DN ,%)− κ(%))

≤ sup
%∈P

(1− d(DN ,%)− κ(%))

= max
`∈[L]

sup
%∈B

δε(%`)
(%`)

(1− d(DN ,%)− κ(%))

≤ max
`∈[L]

 sup
%∈B

δε(%`)
(%`)

(1− d(DN ,%))− inf
%∈B

δε(%`)
(%`)

κ(%)


= max

`∈[L]

E

 sup
%∈B

δε(%`)
(%`)

(1− d(DN ,%))

− E

[
inf

%∈B
δε(%`)

(%`)
κ(%)

]+ op(1)

= max
`∈[L]

E

 sup
%∈B

δε(%`)
(%`)

(1− d(DN ,%))

− E

[
inf

%∈B
δε(%`)

(%`)
(1− d(DN ,%))

]+ op(1)

= max
`∈[L]

E
[
Λδε(%)(%)

]
+ op(1)

≤ ε+ op(1) .

The fourth line follows from the Weak Law of Large Numbers as all terms are bounded between

zero and one; the fifth one by Lemma 8; the fifth one by the definition of Λ; and the last one by

the definition of δε(%). In a similar way we can show

inf
%∈P

(1− dN (%)− κ(%)) ≥ −ε+ op(1) .

Hence we have

sup
%∈P
|1− dN (%)− κ(%)| ≤ 2ε+ op(1) .

As ε is arbitrary we have the desired result.

Lemma 10. For any %∈ (P \ 〈%?〉) the set �? \ % is nonempty and open.

Proof. Take %∈ P \ 〈%?〉; this is, there are x, y ∈ RK+ s.t. either x %? y and y � x or x �? y
and y % x. Denote by 1 the K-dimension vector with all components equal to one. We show

nonemptyess as follows:

- If x %? y and y � x, by continuity of % there is ε > 0 such that Bε(y) � Bε(x). By monotonicity

and transitivity of %? we have

x′ = x+
ε

2
√
K

1 �? x

which by transitivity implies x′ �? y. Since x′ ∈ Bε(x) we have (x′, y) ∈�? \ %.
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- If x �? y and y % x by continuity of %? there is ε > 0 such that Bε(y) �? Bε(x). Let

ε1 = mink∈[K] xk > 0 and define

x′ = x− min{ε, ε1}
2
√
K

1

y′ = y +
min{ε, ε1}

2
√
K

1

Since x′ ∈ Bε(x) and y′ ∈ Bε(y) we have x′ �? y′. Finally we show x′ 6% y′ by contradiction;

if x′ % y′ by weak monotonicity we have x′ % y′ � y % x, which by Grodal-transitivity implies

x′ % x, which is a violation of weak monotonicity.

To see that �? \ % is open take (x, y) ∈�? \ %. As x 6% y by completeness we have y � x. By

continuity of %? and % for ε small enough we have that Bε(x)×Bε(y) ⊂�? \ %.

Lemma 11. For any %∈ P, if %/∈ 〈%?〉, then κ(%?) > κ(%).

Proof. Take κ ∈ P \ 〈%?〉. The denominator µ2(x �D y) of κ is independent of %, and hence

constant. Thus to maximize κ(%) we only need to maximize the numerator. Let 1%(x, y) ≡
1 {x % y}. The numerator of κ(%) is

µ2(x �D y and x � y) =

∫
O×O

1
{
x �D y

}
1�(x, y)dµ2((p, x), (q, y)) .

Then the difference in numerators is

µ2(x �D y and x �? y)− µ2(x �D y and x � y) =

=

∫
O×O

1
{
x �D y

}
(1�?(x, y)− 1�(x, y)) dµ2((p, x), (q, y))

=

∫
O×O

1
{
x �D y

} (
1�?\�(x, y)− 1�\�?(x, y)

)
dµ2((p, x), (q, y))

≥
∫
O×O

1
{
x �D y

} (
1�?\%(x, y)− 1�\�?(x, y)

)
dµ2((p, x), (q, y))

=

∫
O×O

1
{
x �D y

} (
1�?\%(x, y)− 1�\%?(x, y)

)
dµ2((p, x), (q, y)) (11)

The last equality follows from Assumption 3, as 1�\�? and 1�\%? are equal µ2-almost surely. From

the second term within the parenthesis in (11) we have∫
O×O

1
{
x �D y

}
1�\%?(x, y)dµ2((p, x), (q, y)) =

=

∫
O×O

1
{
y �D x

}
1�\%?(y, x)dµ2((p, x), (q, y))

=

∫
O×O

1
{
y �D x

}
1�?\%(x, y)dµ2((p, x), (q, y)) .
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The second line interchange the names of the observations and uses that they are independent.

The third one uses the fact that (y, x) ∈� \ %? if and only if (x, y) ∈�? \ %. Replacing this last

expression in (11) we get

µ2(x �D y and x �? y)− µ2(x �D y and x � y) =

=

∫
O×O

1�?\%(x, y)
(
1
{
x �D y

}
− 1

{
y �D x

})
dµ2((p, x), (q, y))

≥
∫
O×O

1�?\%(x, y)
(
1
{
x �D y

}
− 1

{
y %D x

})
dµ2((p, x), (q, y)) (12)

Since %∈ P \ 〈%?〉 the set �? \ % is open in RK+ ×RK+ (Lemma 10). Then there are families of

sets {Uu}u∈U and {Vv}v∈V , where Uu, Vv ⊂ RK+ are nonempty and open, such that

�? \ %=
⋃

(u,v)∈U×V

Uu × Vv .

For every (u, v) ∈ A × B we have (Uu × Vv) ⊂ (�? \ %) ⊂�?, therefore Uu �? Vv. It follows from

Assumption 2 that∫
O×O

1Uu×Vv(x, y)
(
1
{
x �D y

}
− 1

{
y %D x

})
dµ2((p, x), (q, y)) > 0 .

Fix (u′, v′) ∈ U × V. We have∫
O×O

1�?\%(x, y)
(
1
{
x �D y

}
− 1

{
y %D x

})
dµ2((p, x), (q, y)) ≥

≥
∫
O×O

1Uu′×Vv′ (x, y)
(
1
{
x �D y

}
− 1

{
y %D x

})
dµ2((p, x), (q, y))

> 0

It follows from (12) that µ2(x �D y and x �? y) − µ2(x �D y and x � y) > 0. Therefore

κ(%?) > κ(%).

Lemma 12. The function κ(%) is continuous on P.

Proof. Take %∈ P and a sequence %n→% and (x, y) such that x 6∼ y. By Lemma 4 if x � y then

for n large enough we have x �n y, and if y � x for n large enough we have y �n x. As pairs x, y

such that x ∼ y have probability zero (Assumption 3) we have

lim
n→∞

κ(%n) =
1

µ2(x �D y)
lim
n→∞

∫
O×O

1
{
x �D y

}
1 {x �n y} dµ2((p, x), (q, y))

=
1

µ2(x �D y)
lim
n→∞

∫
O

∫
O

1
{
x �D y

}
1 {x �n y} dµ((p, x))dµ((q, y))
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=
1

µ2(x �D y)
lim
n→∞

∫
O

∫
O\{(q′,y′)∈O:y′ 6=x, y′∼x}

1
{
x �D y

}
1 {x �n y} dµ((p, x))dµ((q, y))

=
1

µ2(x �D y)

∫
O

∫
O\{(q′,y′)∈O:y′ 6=x, y′∼x}

1
{
x �D y

}
lim
n→∞

1 {x �n y} dµ((p, x))dµ((q, y))

=
1

µ2(x �D y)

∫
O

∫
O\{(q′,y′)∈O:y′ 6=x, y′∼x}

1
{
x �D y

}
1 {x � y} dµ((p, x))dµ((q, y))

=
1

µ2(x �D y)

∫
O

∫
O

1
{
x �D y

}
1 {x � y} dµ((p, x))dµ((q, y))

=
1

µ2(x �D y)

∫
O×O

1
{
x �D y

}
1 {x � y} dµ2((p, x), (q, y))

= κ(%) .

where the interchange between the limit and the integration follows from Lebesgue dominated

convergence.

Proof of Theorem 1. 35 Take ε > 0. As 1 − d(DN ,%) converges uniformly in probability to κ(%)

(Lemma 9) for N large enough we have that for every %∈ P with probability approaching one i)

d(DN , %̂N )−d(DN ,%?) ≤ 0, ii) (1−d(DN , %̂N ))−κ(%̂N ) < ε, and iii) κ(%?)−(1−d(DN ,%?)) < ε.

Inequality i) follows from %̂N being the minimizer of d(DN ,%), and ii) and iii) from the uniform

convergence in probability of 1− d(DN , ·) to κ(·). Adding the three inequalities we have that with

probability approaching one

κ(%?)− κ( %̂N ) < 2ε . (13)

Take δ > 0, and define

Mδ = P \
(⋃

{%∈〈%?〉}Bδ(%)
)
.

As P is compact (Lemma 5) thenMδ also is. As κ(·) is continuous on P (Lemma 12) and %∈Mδ

implies %/∈ 〈%?〉, from Lemma 11 it follows that sup%∈Mδ
κ(%) < κ(%?).

Let ε = κ(%?)− sup%∈Mδ
κ(%) in (13). Then we have

κ( %̂N ) > sup
%∈Mδ

κ(%) .

It follows that with probability approaching one %̂N /∈Mδ, i.e. ∆(%̂N ,%
?) < δ. The desired result

follows as δ is arbitrary.

35This proof is based in the proof of Theorem 2.1 of Newey and McFadden (1994).
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B.2 Proposition 1

Proof of Proposition 1. We show the result by showing that for any two binary relations in P if

both are transitive then they do not agree on the interior. This implies that any two preference

relations, as they are both transitive, cannot be in the same equivalence class.

Take any two transitive relations %,%′∈ P, where %6=%′. By Lemma 6 both % and %′ are

complete, continuous, and weakly monotone. Without loss of generality suppose there are x, y such

that x % y but x 6%′ y, which by completeness of %′ implies y �′ x. As %′ is continuous there is

ε > 0 such that Bε(y) �′ Bε(x), and as it is weakly monotone we have

x′ = x+
ε

2
√
K

1 � x ,

which by transitivity implies x′ � y. By continuity of % there is ε′ > 0 such that Bε′(x
′) � Bε′(y).

Now define

y′ = y +
min{ε, ε′}

2
√
K

1 .

As ε, ε′ > 0 we have x′ � 0 and y′ � 0. Since x′ ∈ Bε(x) and y′ ∈ Bε(y) we have y′ �′ x′, and

since x′ ∈ Bε′(x′) and y′ ∈ Bε′(y) we have x′ � y′. As x′ � 0, y′ � 0, y′ %′ x′, and y′ 6% x′, we

conclude that %6'%′.

B.3 Lemma 1

Proof of Lemma 1. For sufficiency suppose Assumption 2 holds.

1. Take A ⊂ RK+ open and x ∈ A. Then the sets B = {y ∈ A : y � x} and C = {y ∈ A : x� y}
are nonempty, open, and by monotonicity of %? we have B �? C. Then

µX(A) ≥ µX(B)

≥ µX(B)µX(C)

= µ2(x ∈ B, y ∈ C)

≥ µ2(x ∈ B, y ∈ C, and x �D y)

> µ2(x ∈ B, y ∈ C, and y %D x)

≥ 0

The first inequality follows from B ⊂ A, the equality from the independence of observations,

and the strict inequality from Assumption 2.

2. Take nonempty open sets A,B ⊂ RK+ such that A �? B. From the previous condition we have

µX(A), µX(B) > 0, and since choices are independent µ2(x ∈ A, y ∈ B) = µX(A)µX(B) > 0.
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Hence

µ2(x �D y|x ∈ A, y ∈ B) =
µ2(x ∈ A, y ∈ B, and x �D y)

µ2(x ∈ A, y ∈ B)

>
µ2(x ∈ A, y ∈ B, and y %D x)

µ2(x ∈ A, y ∈ B)

= µ2(y %D x|x ∈ A, y ∈ B) .

The two equalities follow from the definition of conditional probability and the inequality

from Assumption 2.

For necessity suppose both conditions in Lemma 1 hold, and take nonempty open sets A,B ⊂
RK+ such that A �? B. From condition 1 we have µX(A), µX(B) > 0 and from independence

µ2(x ∈ A, y ∈ B) = µX(A)µX(B) > 0. Hence

µ2(x ∈ A, y ∈ B, and x �D y) = µ2(x �D y|x ∈ A, y ∈ B)µ2(x ∈ A, y ∈ B)

> µ2(y %D x|x ∈ A, y ∈ B)µ2(x ∈ A, y ∈ B)

= µ2(x ∈ A, y ∈ B, and y %D x) .

The two equalities follow from the definition of conditional probability and the inequality from

condition 2.

B.4 Rationalizability

The proofs of several results throughout the paper are built over Theorem 2 of Nishimura et al.

(2017), whose main tool is Levin’s (1983) extension theorem. Although their result applies to

cases beyond the scope of our analysis, we present it as close as possible to its original formulation

(focusing on the notation needed for Theorem 2).

Their result starts from a continuous choice environment ((X,�),A), where X is a locally com-

pact set and separable metric space, � is a continuous preorder on X (with asymmetric component

�), and A = (Ai)i∈[N ] is a finite collection of nonempty compact subsets of X. Given ((X,�),A)

for every A ∈ A they denote by A↓ and A� the decreasing and strictly decreasing closures of A

with respect to �, respectively. This is

A↓ = {x ∈ X : y � x for some y ∈ A}, and

A� = {x ∈ X : y � x for some y ∈ A} .

A choice correspondence c on A is a correspondence c : A ⇒ X in which c(A) is a nonempty

compact subset of A for each A ∈ A. They extend Afriat’s (1967) consistency condition in the

following way

Definition 14. Let ((X,�),A) be a continuous choice environment. The choice correspondence c
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satisfies cyclical �-consistency if for every integer n ≥ 2 and A1, . . . , An ∈ A,

x1 ∈
(
c(A1) ∩A↓2

)
, . . . , xn−1 ∈

(
c(An−1) ∩A↓n

)
, and xn ∈

(
c(An) ∩A↓1

)
imply

x1 ∈
(
A↓2 \A

�
2

)
, . . . , xn−1 ∈

(
A↓n \A�n

)
, and xn ∈

(
A↓1 \A

�
1

)
.

A utility function u : X → R is strictly �-increasing if u(x) ≥ u(y) whenever x� y, and u(x) >

u(y) whenever x� y. The choice correspondence c on A is �-rationalizable by a continuous utility

function if there is a continuous and strictly �-increasing function such that c(A) ⊂ argmaxx∈A u(x)

for all A ∈ A. Nishimura et al. (2017) show that being �-rationalizable by a continuous utility

function is equivalent to satisfying cyclical �-consistency.

Theorem 4 (Nishimura et al. (2017), Theorem 2). The choice correspondence c on A satisfies

cyclical �-consistency if, and only if, it is �-rationalizable by a continuous utility function.

B.5 Proposition 2

Lemma 13. Let E? be the solution to the MFAS problem of [G,Ω] defined in Proposition 2. If

x > y then (x, y) /∈ E?.

Proof. Towards a contradiction suppose there are x > y such that (x, y) ∈ E?. Define Ẽ =

{(x′, y′) ∈�D: x′ 6> y′}. As the relation > is acyclic we have that the graph (x,�D \ Ẽ) = (x,�D

∩ >) is acyclic. Since all the elements in Ẽ have a weight equal to 1, �D has at most N(N − 1)

elements, and Ẽ is a proper subset of �D we have∑
e∈E?

ωe ≥ ω(x,y) = N2 > N(N − 1) > |Ẽ| =
∑
e∈Ẽ

ωe .

Which since (x,�D \ Ẽ) is acyclic contradicts the fact that E? is the solution to the MFAS problem

of [G,Ω].

Proof of Proposition 2. For sufficiency suppose % is such that �D \ � solves the MFAS problem

of [G,Ω] but is not a solution to the MM Index. This is, there is %′∈ P such that | �D \ �′ | <
| �D \ � |. As %′ is a preference relation then the graph (x,�D \(�D \ �′)) is acyclic. Also for

any (x, y) ∈�D if x > y then (x, y) /∈ (�D \ �′). This implies∑
e∈(�D\�′)

ωe = | �D \ �′ | < | �D \ � | =
∑

e∈(�D\�)

ωe .

Which contradicts the fact that �D \ � solves the MFAS problem of [G,Ω].
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For necessity suppose % is a solution of (1), and towards a contradiction assume E ⊂�D is a

solution to the MFAS problem of [G,Ω] and satisfies∑
e∈E

ωe <
∑

e∈(�D\�)

ωe .

Since % is monotone there is no element (x, y) ∈�D \ � for which x > y, and by Lemma 13 the

same is true for E. This implies that ωe = 1 for every e ∈ E ∪ (�D \ �), thus |E| < | �D \ � |.
We now show that there is a preference relation %′∈ P for which �D \ �′= E.

As ≥ is a continuous binary relation, for every x the set {y : x ≥ y} is closed, and hence its

complement {y : x 6≥ y} is open. As x is finite and {y : x 6≥ y} is open there is ε > 0 small enough

such that for any two x, y ∈ x such that x 6≥ y we have x+ ε1 6≥ y. Take such ε and for each x ∈ x

define the set

Ax = {x}
⋃
{z + ε1 : (x, z) ∈ (�D \E)} .

Let A = (Ax)x∈x. Then ((RK+ ,≥),A) is a continuous choice environment (see Appendix B.4).

We now show that for any two x, y ∈ x, if y 6= x and y ∈ A↓x, then x tran(�D \E) y, where

tran(·) is the transitive closure.36 If x 6= y and y ∈ A↓x then one of the following is true:

(i) x > y,

(ii) (x, y) ∈ (�D \E) (since (x, y + ε1) ∈ Ay and y + ε1 ≥ y), or

(iii) there is z ∈ x such that (x, z) ∈�D \E and z + ε1 ≥ y.

In (i) and (ii) is clear that (x, y) ∈ (�D \E). In (iii) the definition of ε implies z ≥ y; if z = y we

go back to case ii. and if z > y we have (z, y) ∈ (�D \E), and hence (x, y) ∈ tran(�D \E). In all

cases we conclude that (x, y) ∈ tran(�D \E).

Let the choice correspondence c : A ⇒ RK+ be defined by c(Ax) = x for every Ax ∈ A, thus

c(A) = x. To show that c satisfies cyclical ≥-consistency take a sequence of chosen bundles (z`)`∈[L]

(z` ∈ x) satisfying

z2 ∈ A↓
z1
, z3 ∈ A↓

z2
, . . . , zL ∈ A↓

zL−1 , and z1 ∈ A↓
zL
.

This implies that

z1 tran(�D \E) z2 tran(�D \E) . . . tran(�D \E) zL tran(�D \E) z1 . (14)

If there are were different elements z`
′ 6= z`

′′
in (14) then z`

′
tran(�D \E)z`

′′
tran(�D \E)z`

′
would

be a cycle of (x,�D \E), which is impossible. Hence all the elements in (z`)`∈[L] have to be equal.

Thus to show cyclical consistency it is sufficient to show that z1 /∈ A�
z1

. If z1 ∈ A�
z1

then there is

y ∈ Az1 such that y ≥ z1, which implies that y − ε1 ∈ x, (z1, y − ε1) ∈ (�D \E), and (by the

definition on ε) y − ε1 ≥ z1. By Lemma 13 we have that (y − ε1, z1) ∈ (�D \E), which violates

36The transitive closure of R is the smallest transitive relation contiaining R.
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the fact that (G,�D \E) is acyclic. Hence c satisfies cyclical ≥-consistency.

As c satisfies cyclical ≥-consistency by Theorem 4 there is a continuous and strictly ≥-increasing

utility function u that rationalizes c. As for every x, y for which x
(
�D \E

)
y we have (x, y+ ε1) ∈

Ax, then u(x) ≥ u(y + ε1), which as u is strictly ≥-monotone implies u(x) > u(y). Take the

preference relation %′ represented by u, which is continuous and monotone as u is continuous and

strictly ≥-increasing. Then (�D \E) ⊂ (�D ∩ �′). Moreover, as for any proper subset E′ of E

the graph (x,�D \E′) has a cycle and � does not have cycles we have (�D \E) = (�D ∩ �′).
Therefore �D \ �′= E. We have that %′∈ P and

| �D \ �′ | = |E| < | �D \ � |

which contradicts the fact that % solves the MM Index.

B.6 Theorem 2

Proof of Theorem 2. First suppose there is a continuous and monotone preference relation % that

vM-rationalizes the data and discards only M. take any two i, j ∈ [N ] such that xi %DM xj , and

towards a contradiction suppose xj �DM xi. As % discards only M we have both xi % xj and

xj � xi, a contradiction.

Now suppose that the data satisfies GARPM. As ≥ is continuous, the set {y : x ≥ y} is closed,

and hence its complement {y : x 6≥ y} is open. Since the data is finite there is ε > 0 small enough

such that for any two observed bundles xi, xj we have that (1) xi 6≥ xj implies xi + ε1 6≥ xj and

(2) pixj < 1 implies pi(xj + ε1) < 1. Take such ε and for each i ∈ [N ] define the set

Ai = {xi}
⋃
{xj : xi %DM xj}

⋃
{xj + ε1 : xi �DM xj}

⋃
{y : pi y ≤ vMi } .

Let A = (Ai)i∈[N ]. Then ((RK+ ,≥),A) is a continuous choice environment (see Appendix B.4).

We show the following two properties:

1. For any two observations i, j ∈ [N ] if xj ∈ A↓i then xi %RM xj : If xj ∈ A↓i Then one of the

following is true

(i) xi = xj ;

(ii) xi ≥ xj ;
(iii) xi %DM xj ;

(iv) there is xm such that xi %DM xm and xm ≥ xj ;
(v) there is xm such that xi �DM xm and xm + ε1 ≥ xj ; or

(vi) pixj ≤ vMi
In (i), (ii), and (iii) is clear that xi %DM xj ; in (iv) we have xm %DM xj , and hence xi %RM xj ;

in (v) by the definition of ε we have that xm ≥ xj , hence xm %DM xj and xi %RM xj ; finally in
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(vi) the definition of vM implies that xi %DM xj . In all cases we can conclude that xi %RM xj .

2. For any two observations i, j ∈ [N ] if xj ∈ A�i then xi �RM xj : If xj ∈ A↓i Then one of the

following is true

(i) xi > xj ;

(ii) xi �DM xj (since xj + ε1 ∈ Ai and xj + ε1 > xj);

(iii) there is xm such that xi %DM xm and xm > xj ;

(iv) there is xm such that xi �DM xm and xm + ε1 > xj ; or

(v) pixj < vMi
In (i) and (ii) we have xi �DM xj ; in (iii) we have xm �DM xj and hence xi �RM xj ; in (iv) the

definition of ε implies xm ≥ xj , hence xm %DM xj and xi �RM xj ; finally in (v) the definition

of vM implies xi �DM xj . In all cases we conclude xi �RM xj

Define the choice correspondence c : A ⇒ RK+ by c(Ai) = xi for every i ∈ [N ], hence c(A) is

the set of chosen bundles. To show that c satisfies cyclical ≥-consistency suppose there is a chain

of chosen bundles (xm`)`∈[L] such that

xm2 ∈ A↓m1
, xm3 ∈ A↓m2

, . . . , xmL ∈ A↓mL−1
, and xm1 ∈ A↓mL ,

which implies that

xm1 %RM xm2 %RM . . . %RM xmL %RM xm1 . (15)

Towards a contradiction (and without loss of generality) suppose xm1 ∈ A�mL , which implies that

xmL �RM xm1 . Then there are chosen bundles xs, xs
′

such that xm
L
%RM xs �DM xs

′
%RM xm1 .

The previous relation and (15) imply that xs
′
%RM xm1 %RM xmL %RM xs, and hence xs

′
%RM xs.

This relation along with xs �DM xs
′

imply that the data fails GARPM. Hence c satisfies cyclical

≥-consistency.

As c satisfies cyclical ≥-consistency by Theorem 4 there is a continuous and strictly ≥-increasing

utility function u such that rationalizes c. Let % be the preference relation represented by u. As u

rationalizes c we have that xi % x whenever pi x ≤ vMi , hence % vM-rationalizes the data. We also

have that xi % xj whenever xi %DM xj , so %⊃%DM. Finally if xi �DM xj as xj + ε1 ∈ Ai we have

xi % xj + ε1, which as % is monotone implies xi � xj . Hence �⊃�DM. Therefore % v-rationalizes

the data and discards only M.

B.7 Proposition 3

In this section we use the notations in Definition 11 for the binary relations E, E?, M̂s, M̂w, and

M̂w
k , the weights (ω̃e)e∈E , and the tuple of mistakes M̂.

Lemma 14. Let M̂ be the minimum mistakes tuple. If xi �D xj and (xi, xj) /∈ M̂s, then (xi, xj) /∈
M̂w.
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Proof. We show that if xi �D xj and (xi, xj) /∈ M̂s, then (xi, xj) /∈ E?. As M̂w ⊂ (M̂s ∪E?), this

implies that (xi, xj) /∈ M̂w.

Towards a contradiction suppose xi �D xj , (xi, xj) /∈ M̂s, and (xi, xj) ∈ E?. Define Ẽ =

{(x, y) ∈ E : x 6�D y}. Since E \ Ẽ = E ∩ �D=�Dx \ M̂s and �Dx \ M̂s is acyclic, the graph

(x, E \ Ẽ) is acyclic. Moreover, as (xi, xj) /∈ Ẽ and %Dx has at most N2 elements we have that

|Ẽ| < N2. Furthermore, every (x, y) ∈ Ẽ satisfies ω̃(x,y) = 1. As (xi, xj) ∈ E? this implies that∑
e∈E?1

ωe ≥ ω(xi,xj) = N2 >
∑
e∈Ẽ

ωe ,

which contradicts the fact that E? is a solution to the MFAS problem in point 1 of Definition

11.

Proof of Proposition 3. First we show that the data satisfies GARP
(M̂w

0 ,M̂s)
, which we do by con-

tradiction. If the data fails GARP
(M̂w

0 ,M̂s)
then there is a sequence of different chosen bundles

(xm`)`∈[L] such that

xm` %D
(M̂w

0 ,M̂s)
xm`+1 for all ` ∈ [L− 1], and xmL �D

(M̂w
0 ,M̂s)

xm1 .

By Lemma 14 and since M̂w ⊂ E? we have that none of the above relations is neither in M̂s nor

in E?. Furthermore, all of them are in E. Hence

xm`(E \ E?)xm`+1 for all ` ∈ [L− 1], and xmL(E \ E?)xm1 .

Which contradicts the fact that E? is a solution to the MFAS problem of (x, E).

Now we show that if the data satisfies GARP
(M̂w

k−1,M̂s)
, then it satisfies GARP

(M̂w
k ,M̂s)

. To-

wards a contradiction suppose the data satisfies GARP
(M̂w

k−1,M̂s)
but fails GARP

(M̂w
k ,M̂s)

. This

implies that M̂w
k−1 6= M̂w

k , hence M̂w
k = M̂w

k−1 \ {ek}. But as the data fails GARP
(M̂k,M̂s)

and

M̂w
k = M̂w

k−1 \ ek the protocol prescribes M̂w
k = M̂w

k−1, a contradiction.

Since the data satisfies GARP
(M̂w

0 ,M̂s)
we conclude that it satisfies GARP

(M̂w
|E?|,M̂

s)
, i.e., it

satisfies GARPM̂.

B.8 Proposition 4

Proof of Proposition 4. Take the binary relations E, E?, M̂s, M̂w, and M̂w
k , and the tuple of

mistakes M̂ from Definition 11. Let M = (Mw,Ms) be such that Mw ⊂ M̂w and Ms ⊂ M̂s,

with one of the two relations being proper.

- IfMs is a proper subset of M̂s, as M̂s is a solution to the MFAS problem defined in Proposition
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2 there is a sequence of chosen bundles (xm`)`∈[L] such that and

xm1 �DM xm2 �DM . . . �DM xmL ; and xmL �DM xm1 .

As for all ` ∈ [L − 1] we have xm` �D xm`+1 by Lemma 14 we have (xm` , xm`+1) /∈ Mw. This

implies that xm1 %RM xmL , which along with xmL �DM xm1 is a violation of GARPM.

- If Ms = M̂s and Mw is a proper subset of M̂w there is (xi, xj) ∈ M̂w such that (xi, xj) /∈Mw.

◦ Suppose (xi, xj) ∈ Ms, which implies Ms 6= ∅. As Ms = M̂s then M̂s 6= ∅. As M̂s solves

the MFAS problem of [G,Ω] in Proposition 2 this implies that there is a sequence of chosen

bundles (xm`)`∈[L] such that

xj �DM xm1 �DM xm2 �DM . . . �DM xmL �DM xi ; and xi �D xj .

As xi �D xj we also have xi %D xj , and as (xi, xj) /∈Mw we have xi %DM xj . Furthermore for

` ∈ {2, . . . , L} we have that xm`−1 �D xm` and (xm`−1 , xm`) /∈ Ms, which from Definition 6

implies that (xm`−1 , xm`) /∈Mw and hence xm`−1 %DM xm` . Similarly xmL %DM xi. We conclude

that that xm1 %RM xj and xj �DM xm1 , which is a violation of GARPM.

◦ Finally suppose (xi, xj) /∈Ms. Since M̂w ⊂ M̂s∪E?, this implies that (xi, xj) ∈ E?. Towards

a contradiction suppose the data satisfies GARPM. Following the procedure to construct M̂w

we have that (xi, xj) = ek for some k ∈ [|E?|]. As ek ∈ M̂w we conclude that the data fails

GARPM̃k
, where M̃k = (M̂w

k−1 \ {ek},M̂s). But asMw ⊂ (M̂w
k−1 \ {ek}) andMs ⊂ M̂s, we

are removing mistakes so the data fails GARPM as well, a contradiction.

B.9 Theorem 3

Proof of Theorem 3. Since M̂s =�D \ �M̂ solves the MFAS problem specified in Proposition 2

then %M̂ solves the Minimum Mistakes Index (1). By Theorem 1 it is a consistent estimator.

B.10 Fact 1

Proof. Suppose xi �D x. Then there is a bundle y′ such that gi(y′) = 1 and y′ � x. As � is

continuous for ε small enough we have that (1 − ε)y′ � x, and hence (1 − ε)y′ � x. Also, as gi is

weakly increasing (Lemma 2) we have gi((1−ε)y′) < 1. Hence y = (1−ε)y′ satisfies both gi(y) < 1

and y � x.

Now suppose there is a bundle y such that gi(y) < 1 and y � x. If y = 0 then x = x, which

implies that gi(x) = 0 and xi �D x as xi � x and gi(xi) = 1. If y > 0 as gi is continuous and

increasing there is α > 1 such that gi(αy) = 1. As � extends ≥ and αy � y we have that αy � y.

Hence αy satisfies both gi(αy) = 1 and αy � y, therefore xi �D x.
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B.11 Theorem 2’

Proof of Theorem 2’. First suppose there is a continuous and �-monotone preference relation %

that vM-rationalizes the data and discards only M. take any two i, j ∈ [N ] such that xi %DM xj ,

and towards a contradiction suppose xj �DM xi. As % discards only M we have both xi % xj and

xj � xi, a contradiction.

Now suppose that the data satisfies GARPM. As � is continuous, the set {y : x� y} is closed,

and hence its complement {y : x 6�y} is open. As the data is finite and gi is continuous for all

i ∈ [N ] there is ε > 0 small enough such that for any two observed bundles xi, xj we have that (1)

xi 6�xj implies xi + ε1 6�xj and (2) gi(xj) < 1 implies gi(xj + ε1) < 1. Take such ε and for each

i ∈ [N ] define the set

Ai = {xi}
⋃
{xj : xi %DM xj}

⋃
{xj + ε1 : xi �DM xj}

⋃
{y : gi(y) ≤ vMi } .

Let A = (Ai)i∈[N ]. Then ((RK+ ,≥),A) is a continuous choice environment (see Appendix B.4).

We show the following two properties:

1. For any two observations i, j ∈ [N ] if xj ∈ A↓i then xi %RM xj : If xj ∈ A↓i then one of the

following is true

(i) xi � xj ;

(ii) there is xm such that xi %DM xm and xm � xj ;

(iii) there is xm such that xi �DM xm and xm + ε1 � xj ; or

(iv) there is x such that gi(x) ≤ vMi and x� xj .

In (i) that xi %DM xj follows from the definition of M-revealed preferences; in (ii) we have

xm %DM xj , hence xi %RM xj ; in (iii) by the definition of ε we have that xm � xj , hence

xm %DM xj and xi %RM xj ; finally in (iv) the definition of vM implies that xi %DM xj .37 In all

cases we conclude that xi %RM xj .

2. For any two observations i, j ∈ [N ] if xj ∈ A�i then xi �RM xj : If xj ∈ A�i then one of the

following is true

(i) xi � xj ;

(ii) there is xm such that xi %DM xm and xm � xj ;

(iii) there is xm such that xi �DM xm and xm + ε1 � xj ; or

(iv) there is x such that gi(x) ≤ vMi and x� xj .

In (i) xi �DM xj by definition; in (ii) by xm � xj implies xm �DM xj and hence xi �RM xj ; in

(iii) the definition of ε implies xm�xj , hence xm %DM xj and xi �RM xj ; (iv) the definition of

vM implies that xi �DM xj .38 In all cases we conclude xi �RM xj .

37To see this note that gi(x) ≤ vMi ≤ 1 and x � xj implies (since gi is continuous and � extends ≥) that there
is ε0 ≥ 0 such that gi(x + ε01) = 1 and x + ε01 � xj , hence xi %D xj . On the other hand if (xi, xj) ∈ Mw then
the definition of an M-vector (Definition 10’) implies that there is no y such that gi(y) = 1 and y � xj , which is a
contradiction setting y = x+ ε01. We conclude that (xi, xj) /∈Mw, therefore xi %D xj .

38To see this note that gi(x) ≤ vMi ≤ 1 and x � xj implies (since gi is continuous and � extends ≥) that there
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Define the choice correspondence c : A ⇒ RK+ by c(Ai) = xi for every i ∈ [N ], hence c(A) is

the set of chosen bundles. To show that c satisfies cyclical �-consistency suppose there is a chain

of chosen bundles (xm`)`∈[L] such that

xm2 ∈ A↓m1
, xm3 ∈ A↓m2

, . . . , xmL ∈ A↓mL−1
, and xm1 ∈ A↓mL ,

which implies that

xm1 %RM xm2 %RM . . . %RM xmL %RM xm1 . (16)

Towards a contradiction (and without loss of generality) suppose xm1 ∈ A�mL , which implies that

xmL �RM xm1 . Then there are chosen bundles xs, xs
′

such that xm
L
%RM xs �DM xs

′
%RM xm1 .

The previous relation and (16) imply that xs
′
%RM xm1 %RM xmL %RM xs, and hence xs

′
%RM xs.

This relation along with xs �DM xs
′

imply that choices fails GARPM. Hence c satisfies cyclical

�-consistency.

As c satisfies cyclical �-consistency by Theorem 4 there is a continuous and strictly �-increasing

utility function u such that rationalizes c. Let % be the preference relation represented by u. As u

rationalizes c we have that xi % x whenever pi x ≤ vMi , hence % vM-rationalizes the data. We also

have that xi % xj whenever xi %DM xj , so %⊃%DM. Finally if xi �DM xj as xj + ε1 ∈ Ai we have

xi % xj+ε1, which as % is �-monotone implies xi � xj . Hence �⊃�DM. Therefore % v-rationalizes

the data and discards only M.

B.12 Proposition 2’

Lemma 13’. Let E? be the solution to the MFAS problem of [G,Ω] defined in Proposition 2’. If

x� y then (x, y) /∈ E?.

Proof. Towards a contradiction suppose there are x, y such that x � y and (x, y) ∈ E?. Define

Ẽ = {(x′, y′) ∈�D� : x′ 6�y′}. As the relation � is acyclic we have that the graph (x0,�D� \ Ẽ) =

(x0,�D� ∩�) is acyclic. Given that x �D y and (x, y) /∈ Ẽ we have∑
e∈Ẽ

ωe <
∑
i∈[N ]

|{j ∈ [N ] : xi �D xj}| ≤ N2 = ω(x,y) ≤
∑
e∈E?

ωe

Which contradicts the fact that E? is the solution to the MFAS problem of [G,Ω].

is ε0 ≥ 0 such that gi(x + ε01) = 1 and x + ε01 � xj , hence xi �D xj . On the other hand if (xi, xj) ∈ Ms then
the definition of an M-vector (Definition 10’) implies that there is no y such that gi(y) = 1 and y � xj , which is a
contradiction setting y = x+ ε01. We conclude that (xi, xj) /∈Ms, therefore xi �D xj .
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Proof of Proposition 2’. First we show that for any preference relation %∈ P we have

| �D \ � | = | �D ∩� |+
∑

e∈(�D�\�)

ωe (17)

As % extends � we have that � ∩� = ∅. Thus �D \ �= (�D ∩�)∪ ((�D \�)\ �), where �D ∩�
and (�D \�)\ � have an empty intersection. Also we have that if x � y then (x, y) /∈ (�D ∩�).

For any (x, y) ∈ (�D \ �) for which y 6�x there are w ∈ x and z ∈ x such that x ∼� w, y ∼� z,

and (w, z) ∈ (�D \ �). Therefore

|(�D \�)\ � | =
∑

e∈(�D�\�)

ωe .

As �D ∩� and (�D \�)\ � have an empty intersection the previous equation implies (17).

For sufficiency suppose % is such that �D� \ � solves the MFAS problem of [G,Ω] but is not a

solution to the MM Index. This is, there is %′∈ P such that | �D \ �′ | < | �D \ � |. By (17) we

have ∑
e∈(�D�\�′)

ωe <
∑

e∈(�D�\�)

ωe .

As %′ is a preference relation then the graph (x0,�D� \(�D� \ �′)) is acyclic. This contradicts the

fact that �D� \ � solves the MFAS problem of [G,Ω].

For necessity suppose % is a solution of (1), and towards a contradiction assume E ⊂�D� is a

solution to the MFAS problem of [G,Ω] and satisfies∑
e∈E

ωe <
∑

e∈(�D�\�)

ωe . (18)

We now show that there is a preference relation %′∈ P for which �D� ∩ �′=�D� \E.

As � is continuous, for every x the set {y : x�y} is closed, and hence its complement {y : x 6�y}
is open. As x0 is finite and {y : x 6�y} is open there is ε > 0 small enough such that for any two

x, y ∈ x0 such that x 6�y we have x+ ε1 6�y. Take such ε and for each x ∈ x0 define the set

Ax = {x}
⋃
{z + ε1 : (x, z) ∈ (�D� \E)} .

Let A = (Ax)x∈x. Then ((RK+ ,≥),A) is a continuous choice environment (see Appendix B.4).

We now show that for any two x, y ∈ x0 if y 6= x and y ∈ A↓x then x tran(�D� \E)y. If x 6= y

and y ∈ A↓x then one of the following is true:

(i) x� y,

(ii) (x, y) ∈ (�D� \E) (since (x, y + ε1) ∈ Ay and y + ε1 � y), or

(iii) there is z ∈ x such that (x, z) ∈ (�D� \E) and z + ε1 � y.
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In (i) and (ii) is clear that (x, y) ∈ (�D� \E). In (iii) the definition of ε implies z � y; if z � y we

have (z, y) ∈ (�D� \E) and hence (x, y) ∈ tran(�D� \E), and if y� z by the definition on x we have

z = y and go back to case (ii). In all cases we conclude that (x, y) ∈ tran(�D� \E).

Let the choice correspondence c : A ⇒ RK+ be defined by c(Ax) = x for every Ax ∈ A, thus

c(A) = x0. To show that c satisfies cyclical ≥-consistency take a sequence of chosen bundles

(z`)`∈[L] (z` ∈ x0) satisfying

z2 ∈ A↓
z1
, z3 ∈ A↓

z2
, . . . , zL ∈ A↓

zL−1 , and z1 ∈ A↓
zL
.

This implies that

z1 tran(�D� \E) z2 tran(�D� \E) . . . tran(�D� \E) zL tran(�D� \E) z1 . (19)

If there are were different elements z`
′ 6= z`

′′
in (19) then z`

′
tran(�D� \E)z`

′′
tran(�D� \E)z`

′
would

be a cycle of (x0,�D� \E), which is impossible. Hence all the elements in (z`)`∈[L] have to be equal.

Thus to show cyclical consistency it is sufficient to show that z1 /∈ A�
z1

. If z1 ∈ A�
z1

then there is

y ∈ Az1 such that y � z1, which implies that y − ε1 ∈ x0, (z1, y − ε1) ∈ (�D� \E), and (by the

definition on ε) y − ε1 � z1. By Lemma 13’ we have that (y − ε1, z1) ∈ (�D \E), which violates

the fact that (x0,�D� \E) is acyclic. Hence c satisfies cyclical �-consistency.

As c satisfies cyclical �-consistency by Theorem 4 there is a continuous and strictly �-increasing

utility function u that rationalizes c. As for every x, y for which x
(
�D� \E

)
y we have (x, y+ ε1) ∈

Ax, then u(x) ≥ u(y + ε1), which as u is strictly �-increasing implies u(x) > u(y). Take the

preference relation %′ represented by u, which is continuous and �-monotone as u is continuous

and strictly �-increasing. Then (�D� \E) ⊂ (�D ∩ �′). Moreover, as for any proper subset E′ of

E the graph (x0,�D \E′) has a cycle and � does not have cycles we have (�D \E) = (�D ∩ �′).
As E ⊂�D� from (18) we have ∑

e∈(�D�\�′)

ωe <
∑

e∈(�D�\�)

ωe

which replacing into (17) yields | �D \ �′ | < | �D \ � |, a contradiction with % being a solution

to (1).

B.13 Proposition 5

Lemma 15. If D satisfies GARPM then for any budget set B with gauge g we have CM(g) 6= ∅.

Proof. As D satisfies GARPM by Theorem 2’ there is a continuous and monotone preference

relation %∈ R(M). As % is continuous by Debreu’s (1954) Theorem it has a continuous utility

representation u : RK+ → R. As u is continuous and B is compact by Weierstrass Theorem u attains

a maximum value on B. Let x? ∈ B be a maximizer of u on B. Then x? % x whenever g(x) ≤ 1,

and therefore x? ∈ CM(g).
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Proof of Proposition 5. To show necessity suppose x ∈ CM(g). This implies that there is a contin-

uous and �-monotone preference relation % that vM rationalizes the data and discards only M,

and for which x % y whenever g(y) ≤ 1. Towards a contradiction suppose either (8), (9), or (10)

fails.

- If (8) x is clearly not optimal as there is y ∈ B such that y � x (as % is �-monotone).

- If (9) fails then there is i ∈ [N ] such that g∼m
R

M
gi and either xi � x or there is y such that

gi(y) = vi and y � x. As g∼m
R

M
gi there is a chosen bundle xj such that g∼m

D

M
gj and xi %RM xj .

Since g∼m
D

M
gj there is y such that g(y) = 1 and y�xj , which as x ∈ CM(g) implies that there is an

�-monotonic preference relation %∈ R(M) for which x % y, so �-monotonocity and transitivity

imply x % xj . As % discards only M from transitivity we have xj % xi, therefore x % xi.

◦ If xi � x, �-monotonicity implies xi � x.

◦ If there is y such that gi(y) = vMi and y � x, then as % vM rationalizes the data we have

xi % y, and �-monotonicity implies y � x. From transitivity we have xi � x.

In both cases we found a contradiction with x % xi.

- If (10) fails then there is i ∈ [N ] such that g mR
M gi and xi � x or there is y such that gi(y) = 1

and y � x. As g mR
M gi we have one of the two following cases.

◦ There is a bundle y and a chosen bundle xj such that g(y) = 1, y � xj , and xj %RM xi. As

x ∈ CM(g) there is a preference relation %∈ R(M) such that x % y. Then �-monotonicity

implies y � xj , and by transitivity x � xj . As % discards only M we have that xj % xi, thus

x � xi.
◦ There is a bundle y and a chosen bundle xj such that g(y) = 1, y � xj , and xj �RM xi. As

x ∈ CM(g) there is a preference relation %∈ R(M) such that x % y. Then �-monotonicity

implies y % xj , and by transitivity x % xj . As % discards only M we have that xj � xi, thus

x � xi.
In both cases we conclude x � xi. As (10) fails one of the following holds.

◦ xi � x, which by �-monotonicity implies xi % x.

◦ There is y such that gi(y) = vMi and y � x. As % vM rationalizes the data we have xi % y,

and �-monotonicity implies y % x. From transitivity we have xi % x.

In both cases we found a contradiction with x � xi.

To show sufficiency suppose equations (8), (9), and (10) hold. Let BN+1 be defined by gN+1 = g,

xN+1 = x, and define the extended data De = (pi, xi)i∈[N+1] ((8) assures gN+1(xN+1) = 1). Also

define the extended couple of mistakes Me = (Mw
e ,Ms

e) by

Mw
e =Mw ⋃ {(xi, xN+1) ∈%D: i ≤ N , xi 6�xN+1, and 6 ∃ y s.t. gi(y) = vMi and y � xN+1} , and

Ms
e =Ms ⋃ {(xi, xN+1) ∈�D: i ≤ N , xi 6�xN+1, and 6 ∃ y s.t. gi(y) = vMi and y � xN+1} .

Note that Mw
e and Ms

e have mistakes of the form (xi, xj) with i, j ∈ [N ] if and only if (xi, xj)

are also in Mw and Ms, respectively. Furthermore, we have xi %DMe
xN+1 if and only if either

xi� xN+1 or there is y such that gi(y) = vMi and y� xN+1; and xi �DMe
xN+1 if and only if either
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xi � xN+1 or there is y such that gi(y) = vMi and y � xN+1.39

If De satisfies GARPMe then for any Me vector vMe there is a preference relation that vMe-

rationalizes the data and discards only Me. In particular this is true for vMe defined as

vMe
i =

vMi if i ∈ [N ]

1 if i = N + 1 .

Given how Me is constructed, if % vMe-rationalizes De and discards only Me, then it also vM-

rationalizes D and discards only M, i.e., %∈ R(M). And as vMe
N+1 = 1 then xN+1 % y whenever

gN+1(y) ≤ 1, i.e., xN+1 ∈ CM(pN+1). Therefore a sufficient condition for x ∈ CM(p) is for De to

satisfy GARPMe .

Towards a contradiction suppose De fails GARPMe . Then there is a chain (xm`)`∈[L] (L ≥ 2)

such that xm` %DMe
xm`+1 for all ` ∈ [L− 1] and xmL �DMe

xm1 . As D satisfies GARPM there has

to be an index `′ ∈ [L] such that m`′ = N + 1. Since (8) assures xN+1 6�D xN+1 it is without loss

of generality to suppose such `′ is unique.40

- If `′ = 1 then pN+1
∼m
R

M
pmL . As xmL �DMe

xN+1 we have either xmL � xN+1 or there is y such

that gmL(y) = vMmL and y � xN+1. This contradicts (9).

- If `′ > 1 then pN+1 m pm`′−1 . As xm`′−1 %DMe
xN+1 we have either xm`′−1 � xN+1 or there is y

such that gi(y) = 1 and y � x. This contradicts (10).

Therefore De satisfies GARPMe and x ∈ CM(p).

C Empirical Implementation

C.1 The Varian Index

39For sufficiency in the case of %DMe suppose either xi � xN+1 or there is y such that gi(y) = vMi and y � xN+1.
- If xi � xN+1 then xi %D xN+1 and (xi, xN+1) /∈Mw

e , therefore xi %DMe
xN+1.

- If there is y such that gi(y) = vMi and y � xN+1, then there is ε ≥ 0 for which y′ = y + ε1 is such that gi(y′) = 1.
As � extends ≥ we have y′ � y, which by transitivity implies y′ � xN+1, so xi %D xN+1. As (xi, xN+1) /∈ Mw

e we
have xi %DMe

xN+1.
For necessity in the case of %DMe suppose xi %DMe

xN+1. This is, xi %D xN+1 and (xi, xN+1) /∈Mw
e . As xi %D xN+1

either xi � xN+1 or there is y′ such that gi(y′) = 1 and y′ � xN+1.
- If xi � xN+1 then the condition holds.
- If there is y′ such that gi(y′) = 1 and y′�xN+1, towards a contradiction suppose there is no y such that gi(y) = vMi

and y � xN+1. Then as xi 6�xN+1 we have that (xi, xN+1) ∈Mw
e , which contradicts xi %DMe

xN+1.
The case for �DMe

is analogous.
40If there is A ⊂ [L] such that |A| ≥ 2 and m`′ = N + 1 for all `′ ∈ A we can construct another sequence (xms)s∈[S]

such that (1) xms %DMe
xms+1 for all s ∈ [S − 1], (2) xmS �DMe

xm1 , and (3) there is a unique s′ ∈ [S] such that
ms = N + 1. Define ` = min{` : ` ∈ A} and ` = max{` : ` ∈ A ∩ [L− 1]}
- If L /∈ A remove from the sequence (xm`)`∈[L] all the elements for which ` > ` and ` ≤ `.
- If L ∈ A remove from the sequence all the elements for which ` ≤ `.
The resulting sequence satisfies all the desired properties.
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C.1.1 Definition

The Varian Index (Varian, 1990) follows the idea of v-rationalization (Definition 5).41 Starting

from a vector v ∈ [0, 1]N we define v-revealed preferences as follows:

Definition 15. Given vector v ∈ [0, 1]N , and two choices xi, xj ,

- xi is v-directly revealed preferred to xj , denoted xi %Dv xj if (1) xi = xj , or (2) pixj ≤ vi;
- xi is v-directly revealed strictly preferred to xj , denoted xi �Dv xj if pixj < vi;

- xi is v-revealed preferred to xj , denoted xi %Rv x
j if there is a sequence of choices (xm`)`∈[L] such

that xi %Dv xm1 %Dv . . . %Dv xmL %Dv xj ; and

- xi is v-revealed strictly preferred to xj , denoted xi �Rv xj , if there are choices xm, xm
′

such that

xi %Rv x
m �Dv xm

′
%Rv x

j .

Similarly, we can define a relaxed version of GARP

Definition 16. For a vector v ∈ [0, 1]N the choice data D satisfies the Generalized Axiom of

Revealed Preferences given v (GARPv) if for every pair of choices xi, xj

xi %Rv x
j =⇒ xj 6�Dv xi .

Afriat (1973) shows that when v = e1 for e ∈ [0, 1], GARPv is equivalent to the data being

v-rationalizable, and (as his original theorem) the preference relation v-rationalizing the data can

always be chosen to be continuous and convex. The general equivalence between GARPv and v-

rationalization (for any vector v ∈ [0, 1]N ) is shown in Halevy et al. (2018).42 As with the result in

Afriat (1973), in this general case it is also without loss of generality to choose a continuous and

convex preference relation rationalizing the data.

Theorem 5 (Halevy et al. (2018)). A choice data is v-rationalizable by a continuous, monotone

and convex preference relation if and only if it satisfies GARPv.

When v = 1, the previous result is qeuivalent to the original version of GARP. Motivated by

this Varian (1990) proposes to use as vector v the one that minimizes the distance with 1 (in some

metric) among the ones that satisfy GARP. In general, the measure is defined as follows:

Definition 17. Let f : [0, 1]N → [0, 1] be a continuous and weakly decreasing function satisfying

f(0) = 1 and f(1) = 0. The Varian efficiency Index is

IV (D) = inf
{v∈[0,1]N :D satisfies GARPv}

f(v) . (20)

41This section follows closely the exposition presented by Halevy et al. (2018).
42Although the equivalence between GARPv and v-rationalizability appears to be the primary motivation in Varian

(1990) neither he nor any further work following it proved such result before Halevy et al. (2018).
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The usual choice for the function f , which we also use here, is the normalized Euclidean distance

f(v) =

√√√√ 1

N

N∑
i=1

(1− vi)2 .

C.2 Difference between the MM and the Varian estimators

Figure 10 shows choice data with three different observations. The directly revealed strict preference

relations are

x1 �D x2, x2 �D x1, x2 �D x3, and x3 �D x1.

x2

x1

B(p1)

B(p2)

B(p3)

x2

x1

x3

Figure 10: Example of choice data where the preferences recovered using the MM and Varian
indices differ. Dotted blue line shows how the Varian Index shrinks the budget set of the second

observation.

The set of preferences recovered using the Varian Index and the MM Index may differ: The

Varian Index (as shown in the picture) interprets as “correct” the revealed preferences x1 �D x2

and x3 �D x1; hence any recovered preference relation %V will satisfy x3 �V x1 �V x2. On the

other hand the solution to the MM Index inteprets as “correct” the preferences x2 �D x1, x2 �D x3,

and x3 �D x1; hence any recovered preference %M will satisfy x2 �M x3 �M x1.

C.3 Computation Details

In terms of computational complexity, both the MFAS problem (and hence the MM Index) and

the Varian Index are NP-hard problems. While the MFAS problem is one of Karp’s (1972) seminal

21 NP-complete problems, Smeulders et al. (2014) show that the Varian Index is NP-harp under

monotonicity. In practice, the Minimum Mistakes Index (and hence the estimator) is more reliable

to compute than the Varian Index. When subjects present a high number of violations of GARP,
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computing the exact Varian Index becomes unfeasible. Moreover, the amount of time it takes to

compute the Varian Index varies more with the number of observations. On the other hand, we

can compute the Minimum Mistakes Estimator for all the subjects with a stable estimation time.

All our computations are performed in the savio2 server of the Savio High-Performance Computer

cluster at UC Berkeley.

To compute the MM Index we use the results in Propositions 2 (for MON) and 2’ (for FOSD).

In both cases, we solve the respective MFAS problem using the method developed by Baharev et al.

(2021), whose implementation is available in Baharev (2021). Computationally, to construct the

tuple M̂ requires solving two different MFAS problems (steps 1 and 2), and each iteration in step

3 requires computing a transitive closure (for example, using the algorithm defined by Warshall

(1962)). Although this process could be computationally demanding in theory, in practice, steps 2

and 3 tend to be simple and several times trivial. The reason for this is that pairs of choices xi, xj

satisfying both xi 6= xj and pixj = 1 are unusual.43 Hence the solution of the MFAS problem in

step 2 should not be computationally demanding. Moreover, this implies that set E? should be

small, and step 3 should finish after a small number of iterations.

To compute the Varian Index, we follow the procedure developed by Polisson et al. (2020),

specifically the one described in their Online Appendix A9. There they show how to reduce the

problem of computing the Varian Index to a finite grid search. The main limitation of this procedure

is that the size of the grid grows very fast with the number of revealed preferences, and in some

cases, the computer might run out of memory. We can compute the exact Varian index only for

78% of our subjects (either under monotonicity or FOSD). Out of the 909 subjects facing two states

of the world we can compute it for 713 under monotonicity and 729 under FOSD, and out of the

168 subjects facing three states of the world we can compute it for 131 under monotonicity and

105 under FOSD. We only include these subjects in our analysis.

C.4 Out-of-sample prediction tests

One convenient feature of the result in Proposition 5 is that it can be applied both to the MM and

the Varian Index. To apply it to the Varian Index, we start from a Varian vector v solving (20).

Then we define the tuple of mistakes M by including in Mw all the directly revealed preferences

xi %D xj for which pixj > vi, and similarly including in Mw all the directly revealed strict

preferences xi �D xj for which pixj ≥ vi; this is, mistakes remove all the revealed preferences that

are not v-revealed preferences. For the specific cases of the data we are analyzing (with linear

budget sets and either MON or FOSD as objective criteria), the result in Proposition 5 can be

simplified to easy-to-check conditions.

In the case of MON we have that the revealed preferences between budget sets specified in

4385.33% of the subjects in our data do not present any of such pairs (83.17% in 2-dimensions, 97.02% in 3-
dimensions). The average number of such pairs among the ones having at least one is 1.27 (1.27 in 2-dimensions, 1.4
in 3-dimensions), and no subject presents more than 5 of such pairs (2 pairs in 3-dimensions).
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Table 2: Computation time (in seconds) for MMI and Varian Index

N mean s.d. min p50 p75 p90 p95 p99 max

MON

2D
MM 713 0.21 0.12 0.066 0.18 0.25 0.38 0.48 0.53 0.94
Varian 713 43 414 0.003 0.011 0.016 0.088 6.2 1102 8396
Varian/MM 204 3544 0.045 0.061 0.063 0.23 13 2071 8970

3D
MM 131 0.17 0.079 0.063 0.15 0.19 0.28 0.32 0.46 0.54
Varian 131 136 1389 0.003 0.015 0.03 0.29 64 893 15883
Varian/MM 824 17579 0.048 0.1 0.16 1 200 1963 29196

FOSD

2D
MM 729 45 13 0.37 49 51 52 53 59 65
Varian 729 201 1415 0.047 0.1 0.14 3.2 61 7220 17442
Varian/MM 4.5 105 0.13 0.002 0.0028 0.061 1.1 122 267

3D
MM 105 116 12 82 118 123 126 127 133 154
Varian 105 144 957 0.095 0.23 0.51 92 237 1759 9551
Varian/MM 1.2 80 0.0012 0.002 0.0041 0.73 1.9 13 62

Note: Computation time for Minimum Mistakes (MM) and Varian estimators. Only subjects for which exact Varian

index is successfully computed are included. For subjects for whom the Varian Index cannot be computed exactly the

average and maximum times for MON are 0.39 and 7.6 seconds for 2D subjects, and 0.21 and 0.55 for 3D subjects;

for FOSD the average and maximum time are 52 and 65 seconds for 2D subjects, and 124 and 139 for 3D subjects.

Definition 13 are as follows: p∼m
D pi if and only if pxi ≤ 1, and pmD pi if and only if pxi < 1. Then

Proposition 5 simplifies to the following characterization.

Corollary 1. If budget sets are linear and � =≥ a bundle x is in the set CM(p) if and only if it

satisfies the following conditions:

p x = 1 , (21)

pix ≥ vMi and xi 6> x whenever p∼m
R

M
pi, and (22)

pix > vMi and xi 6≥ x whenever pmR
M pi . (23)

Proof. As the budget set is linear g(y) = p y. A sufficient condition to prove the results is to show

that under linear budget sets and monotonicity the following pairs of equations are equivalent: (8)

and (21), (9) and (22), and (10) and (23).

- If (21) fails, as p x ≤ 1 we have that p x < 1. Then there is ε > 0 such that p(x+ ε1) = 1, and by

monotonicity we have x+ ε1 � x, therefore (8) fails. If (8) fails; this is, there is y > x satisfying

p y = 1. As p� 0 this implies that p x < 1, so (21) does not hold.

- If (22) fails then either xi > x, hence (9) fails, or pix < vMi and there is ε > 0 such that

pi(x + ε1) = vMi , which since x + ε1 > x implies that (9) fails. If (9) fails either xi > x, hence

and (22), fails or there is y > x satisfying pi y = vMi , which as pi � 0 implies pix < vMi , hence

(22) fails.

- If (22) fails then either xi ≥ x, hence (10) fails, or pix ≤ vMi and there is ε ≥ 0 such that

pi(x+ ε1) = vMi , which since x+ ε1 ≥ x implies that (10) fails. If (10) fails either xi > x, hence

70



(23) fails, or there is y ≥ x satisfying pi y = vMi , which as pi � 0 implies pix ≤ vMi , hence (23)

fails.

To develop the characterization under FOSD we need to take one additional step, which is

to develop an easy criteria to check whether a portfolio x FOSD dominates another portfolio

y, which we denote x ≥F y (the assymetric component of ≥F if >F ). We develop this result

assuming (as it is the case in our data) that all states of the world are equally likely. For any

portfolio x we denote by Fx : R+ → [0, 1] the consumption’s CDF induced by x, which is given by

Fx(c) = K−1|{i ∈ [K] : xi ≤ c}|. By definition for any two portfolios x and y we have x ≥F y if

and only if Fx(c) ≤ Fy(c) for all c ∈ R+.

Lemma 16. x ≥F y if and only if there is permutation y′ of y such that x ≥ y′. Similarly x >F y

if and only if there is permutation y′ of y such that x > y′.44

Proof. As y′ is a permutation of y we have Fy = Fy′ , and as x ≥ y′ we have Fx ≤ Fy′ .

In the case of ≥F for sufficiency, as x ≥ y′ we have Fx(c) ≤ Fy′(c) = Fy(c) for all c, therefore

x ≥F y. For necessity suppose x ≥F y, i.e. Fx(c) ≤ Fy(c) for all c. We construct y′ in the following

way: let x′ be a permutation of x such that x′k ≤ x′k+1 for all k ∈ [K − 1], and y′′ be a permutation

of y such that y′′k ≤ y′′k+1 for all k ∈ [K − 1]. As for all c we have Fx′(c) = Fx(c) ≤ Fy(c) = Fy′′(c),

then as the components of x′ and y′′ are ordered we have x′ ≥ y′′.45 Finally, define y′ by applying

on y′′ the permutation that takes x′ back to x. Then we have that y′ is a permutation of y and

y′k ≤ xk for all k ∈ [K].

In the case of >F for sufficiency as x > y′ we have Fx(c) ≤ Fy′(c) = Fy(c) for all c, hence

x ≥F y, and Fx(c′) < Fy′(c
′) = Fy(c

′) for some c′; hence y 6≥F x and x >F y. For necessity as

x ≥F y there is a permutation y′ of y such that x ≥ y, and as y 6≥F x there is no permutation y′′

of y satisfying y′′ ≥ x, which implies x > y′.

Under FOSD revealed preferences between budget can be characterized as p∼m
D pi if and only

if there is a permutation y of xi such that p y ≤ 1 and pmD pi if and only if there is a permutation

y of xi such that p y < 1. This characterization leads to the following test to check new choices.

Corollary 2. If budget sets are linear and � =≥F a bundle x is in the set CM(p) if and only if it

satisfies the following conditions:

p y ≥ 1 for every permutation y of x (24)

44A bundle y ∈ RK+ is a permutation of the bundle x ∈ RK+ if y = Px for some permutation matrix P . A permutation
matrix P is an N ×N matrix and each line (a line is either a row or a column) contains one element equal to 1, the
remaining elements of the line being equal to 0.

45If not there is k? such that x′k? < y′′k? , which implies that Fx(x′k?) = Fx′(x
′
k?) ≥ K−1k? > S(y′′, xk?) = S(y, xk?),

contradicting x ≥F y
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piy ≥ vMi and xi 6> y whenever p∼m
R

M
pi and y is a permutation of x, and (25)

piy > vMi and xi 6≥ y whenever pmR
M pi and y is a permutation of x . (26)

Proof of Corollary 2. As the budget set is linear g(y) = p y. A sufficient condition to prove the

results is to show that under linear budget sets and monotonicity the following pairs of equations

are equivalent: (8) and (24), (9) and (25), and (10) and (26).

- If (24) fails there is a permutation y of x such that p y < 1. Then there is ε > 0 such that

p(y + ε1) = 1; as ≥F extend ≥ it follows from Lemma 16 that y + ε1 � y ∼� x, therefore (8)

fails. If (8) fails; this is, there is y satisfying p y = 1 and a permutation x′ of x satisfying y > x′

(Lemma 16). As p� 0 this implies that p x′ < 1, so (24) does not hold.

- If (25) fails then either xi >F x (Lemma 16) and (9) fails, or for some permutation y of x we have

piy < vMi , in which case there is ε > 0 such that pi(y + ε1) = vMi , which since y + ε1 � y ∼� x

implies that (9) fails. If (9) fails either xi � x, hence there is a permutation y of x for which

xi > y (Lemma 16) and (25) fails, or there is y � x satisfying pi y = vMi , in which case there is a

permutation x′ of x satisfying x′ < y and hence (as pi � 0) pix′ < vMi , therefore (25) fails.

- If (26) fails then either xi ≥F x (Lemma 16) and (10) fails, or for some permutation y of x we have

piy ≤ vMi , in which case there is ε ≥ 0 such that pi(y + ε1) = vMi , which since y + ε1 � y ∼� x

implies that (10) fails. If (10) fails either xi � x, hence there is a permutation y of x for which

xi ≥F y (Lemma 16) and (25) fails, or there is y � x satisfying pi y = vMi , in which case there is

a permutation x′ of x satisfying x′ ≤ y and hence (as pi � 0) pix′ ≤ vMi , therefore (25) fails.
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